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Abstract

Over the past few decades, various numerical methods have been developed to solve linear inverse
problems with sparse solutions. However, there remains a shortage of efficient algorithms specific-
ally tailored for large-scale problems. In this paper, we work toward bridging this gap by devel-
oping the so-called General Decomposition Pursuit algorithm, which is designed to directly tackle
a large-scale problem. This algorithmic framework is notably distinct from any existing sparsity-
aware method. The main mechanism of the algorithm involves decomposing a large problem into
several mutually coupled small subproblems and then combining the (inexact) solutions of these
subproblems to generate a sparse solution to the original problem. The global convergence of

the algorithm is shown under the restricted isometry property. Simulations with synthetic data
and applications in medical image reconstruction indicate that the proposed algorithm, when
equipped with an appropriate inner solver for subproblems, can outperform several mainstream
algorithms in success rates for locating the sparse solution to the problem.

1. Introduction

Suppose that x* € R" is an unknown source signal. Let A € R”*" be a given measurement matrix, and
let y := Ax* + v be the observed signal, where v € R™ is a noise vector. Given the data (y,A), the prob-
lem of reconstructing the source signal x* from the measurement equation

y=Ax+v (1.1)

is called a linear inverse problem (LIP) which is a ubiquitous mathematical model arising from many
areas of science and engineering (see, e.g. [4, 15, 27, 30, 35, 41, 42]). This problem has a long-lasting
impact on system identification, geophysical signal recovery, x-ray tomography, compressive sampling,
remote sensing, image deblurring, statistical learning, wireless channel information estimation, to name
but a few [4, 9, 19, 26, 28, 31, 36, 41].
Throughout this paper, we assume m < n, i.e. the number of observations is significantly smal-

ler than the signal length. This assumption reflects a common scenario for ill-posed LIPs arising from
signal reconstruction via compressive sampling (see, e.g. [10, 19, 21, 27, 30, 36, 53]). In this situation,
reconstructing a signal from (1.1) is generally impossible unless some additional information about the
signal is available. Fortunately, many natural signals or transformed signals often exhibit sparse struc-
tures. Sparsity serves as a piece of valuable additional information that can be used to facilitate signal
reconstruction [9, 19, 36, 42]. In fact, sparsity has become a powerful regularization technique for ill-
posed problems [29, 42, 46]. This explains why sparsity-aware algorithms often perform exceptionally
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well in signal and image processing [19, 36, 42]. Existing sparsity-aware algorithms can be broadly classi-
fied into three categories.

Hard thresholding methods. The hard thresholding methods constitute a large family of sparsity-aware
algorithms, including iterative hard thresholding (IHT) [6, 22], hard thresholding pursuit (HTP) [20],
compressive sampling matching pursuit (CoSaMP) [38], subspace pursuit (SP) [16], Newton-step-based
method [39], and heavy-ball-enhanced pseudo-inverse-based method [51]. Recently, the relaxed optimal
thresholding pursuit (ROTP) and its modifications were also proposed (see [43, 44, 54, 58]).

Heuristic methods. The orthogonal matching pursuit (OMP) [37, 40, 49] is a typical heuristic method
initially developed in statistics and later applied to signal processing. Several modifications of OMP have
been proposed in the literature, including weak OMP [45], general OMP [50], and stagewise OMP [18].
The main differences between these methods lie in the basis-selection rules at each iteration.

Convex optimization methods. LASSO [28], ¢;-minimization [10, 13, 17], weighted ¢;-minimization [11,
53], and Dantzig selector [12, 19] are sparsity-aware convex optimization models. Any method for
solving such models qualifies as a convex optimization method. The well-known ISTA and FISTA [4],
developed for LASSO, belong to this category, while they are also interpretable as thresholding methods.
Their eigenvalue-free variants [48] arise from integration with the majorization—minimization frame-
work. Additionally, reweighted ¢;-minimization [11, 53, 56] and dual-density-based methods [55] are
also convex optimization approaches for LIPs. However, these methods generally exhibit higher computa-
tional complexity than hard-thresholding and heuristic approaches.

It is worth noting that learning-based sparsity-aware algorithms for LIPs have been recently studied
in the literature as well (e.g. [3, 5, 7, 14]). However, this topic is beyond the scope of this paper.

Existing methods face significant challenges when solving large-scale problems. Interior-point
algorithms for convex optimization require solving dense normal equations at each iteration. OMP
necessitates a number of iterations equal to the sparsity level of solution, making it inefficient for high-
sparsity problems. Empirical evidence indicates that IHT, HTP, CoSaMP, SP, ISTA, and FISTA gener-
ally exhibit lower success rates in locating sparse solutions than OMP and reweighted ¢;-minimization
methods. Moreover, IHT, ISTA, and FISTA typically require numerous iterations to construct quality
solutions. The ROTP algorithm involves solving computationally expensive quadratic optimization sub-
problems at every iteration; while certain modifications of ROTP can mitigate this cost, the computa-
tional burden remains substantial. Thus there is an urgent need for a new generation of sparsity-aware
algorithms capable of efficiently handling large-scale LIPs.

In this paper, we propose a novel algorithm termed general decomposition pursuit (GDP), spe-
cifically tailored for large-scale LIPs. The main idea is to decompose a large problem into a series of
coupled small subproblems, which can be solved efficiently using any existing sparsity-aware solver.
Roughly speaking, GDP consists of three main steps. (i) The matrix A is divided into p smaller sub-
matrices A;,i =1,...,p, and y is partitioned into y = y; +--- + y,, resulting in p subproblems of the
form y; = Ajz+v;,i =1,...,p. (ii) The vectors y; are adaptively updated in an alternating manner. (iii)
The subproblems are solved, and their solutions are merged to form a vector on which hard threshold-
ing and orthogonal projection are applied to generate an approximate solution to the problem. GDP
incorporates some features of the alternating direction method of multipliers (ADMM) and distributed
optimization algorithms (see, e.g. [2, 8, 23, 24, 32-34]).

The main contributions of this paper are threefold. First, we introduce GDP—a framework of
decomposition algorithms for large-scale LIPs (see section 3 for details). GDP provides a novel mech-
anism for ensembling existing sparsity-aware methods as subproblem solvers to tackle a large-scale prob-
lem. Second, we establish global convergence of GDP under the restricted isometry property (RIP), a
standard assumption in the compressive-sampling literature. Theoretical guarantees for both noiseless
and noisy environments are presented in theorem 4.5 and corollary 4.6, respectively. These are the first
results of their kind for decomposition-type methods. Finally, numerical experiments demonstrate that
GDP achieves superior signal reconstruction quality and higher success rates in locating true sparse solu-
tions of LIPs than existing methods (see section 5 for details).

2. Preliminaries

Notation: Throughout the paper, all vectors are understood as column vectors unless otherwise specified.

For v=(vT,...,v1)T, where each v; is a vector, we write it as v = (v,...,v,) when no confusion arises.
1> ' Vp ) ] ' Vp
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For SC {1,...,n}, |S| denotes the cardinality of S, and S = {1,...,n}\ S denotes the complement of S.
Given x = (xy,...,x,)T € R", the index set supp(x) = {i : x; # 0} is called the support of x. x is said to
be K-sparse if the cardinality of its support is less than or equal to K, i.e. |supp(x)| < K. Given x € R"
and S C {1,...,n}, x5 denotes the vector obtained by keeping x; for i € S and setting x; =0 for i ¢ S.
(In this case, x5 € R".) We also use x5 to denote the compressed vector by deleting the entries x; for i ¢ S
from x. (In this case, xg € RIS|.) The meaning of xs is clear from the context. Given S C {1,...,n} and
A e R"™ " Ag denotes the submatrix with columns indexed by S. Sorting the absolute entries of x into
descending order |x; | > |x;,| = -+ = |x;,|, let Lx(x) = {i1,32,...,ix} be the index set for the K largest-
magnitude entries of x. Let Hg(-) : R” — R” be the hard thresholding operator, which retains the K
largest-magnitude entries of a vector and sets the other entries to zero. Let ox(x) = ||x — Hg(x)||» denote
the residual of approximation of x via Hg(x).

Definition 2.1. For the vector u = (uy,...,u,) € R", whereu; e R" fori =1,...,pandn; +---+n, =n,
the norm || - ||y, 00) : R" — R is defined as

[ull (p.00) = IIQ%)HWH}
The following result (see [57, lemma 3.2]) is very useful in the analysis of sparsity-aware algorithms
using Hg(-).

Vo+1

Lemma 2.2 [57]. For any vector z € R" and any K-sparse vector x € R", one has ||x — Hg(z) 2 < ¥3

| (x — 2)surl|2, where S = supp(x) and T = supp(Hg(z)).

The definition below was first introduced in [10, definition 1.1]. It plays a vital role in the analysis of
our algorithm.

Definition 2.3 [10]. A matrix A € R"™*"(m < n) is said to satisfy the RIP of order ¢, where t € {1,...,m}, if
there exists a smallest constant 0 < §; < 1 such that

(1= 60 [lx3 < llAxll3 < (1+6,) 1«3 (2.1)

for any t-sparse vector x. d; is referred to as the restricted isometry constant (RIC) of order .

Inequality (2.1) implies that any ¢ columns of A are linearly independent, and hence ¢ < m. The next
lemma (see [21, proposition 6.3]) follows directly from definition 2.3.

Lemma 2.4 [21]. Assume that the matrix A € R™*" satisfies the RIP. Let u,v € R" be s-sparse and t-sparse
vectors, respectively. If supp(u) Nsupp(v) = 0, then

[WTATAY) < 8o llull2 V]

The following lemma is obtained as a special case of lemma 4.2 in [57].

Lemma 2.5 [57]. Let y := Ax* + v be the observations of the K-sparse vector x*, where v denotes the
observation error. Let A C {1,...,n}, A= {1,...,n}\ A, andZ be the solution to the orthogonal projection

2= argmin{lly— Azl : supp(2) C A}

If the matrix A satisfies the RIP of order |A| + K, i.e. §5)4x < 1, then

1 14wl

——E—x")xl2+
\ 1- 5\2A|+K

E—x* 2< .
2]l < o

3.GDP

We first outline the main idea of the method. For simplicity, suppose that A is a full-row-rank matrix.
Let Ar with |I'| = m be a nonsingular square submatrix of A. Let u € R" be the vector with ux =0

and ur :AEIV. Thus v = Apur + Apup = Au. We split A into p blocks, i.e. A =[Ay,...,A,], where

A; € R™ " with m < n; and ny + - +n, = n. Let x* and u be split accordingly as x* = (x{,...,x;) and
u=(u,...,up), where x}',u; € R" for i =1,...,p. Then

y:Ax*—i—l/:A(x*—l—u):Al(xf+u1)+--~+Ap(x;+up) =y14+-+
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where y; = A; (xf +u;) = Aijx} +v; with v; = Aju; and v + - + v, = v. We call the vectors y; the
optimal allocations of the observation y between p subproblems. If such allocations are available and if
one can solve the subproblems

yi=Aiz+v, i=1,...,p (3.1)

to obtain the solutions z=x € R™, i =1,...,p, then x* can be immediately reconstructed by merging
the solutions of (3.1). This motivates us to develop a novel algorithm to iteratively search for the optimal
allocations yi,...,y,. To minimize the cost per iteration, we may update the allocation in an alternating
manner, focusing on one subproblem at a time while utilizing the current approximate allocations for

the other subproblems.

Specifically, suppose that x(¥) € R" is the current iterate and that yik), . yl(, ) are the current alloc-

ations between subproblems. The idea of our algorithm can be outlined as follows. Begin with the first

subproblem determined by A;. Given ygk), Vp ) et

69 =y (0 1)

be the initial allocation to this subproblem. Use any existing sparsity solver to find a sparse solution to

the subproblem ¢§k) = A,z;, and denote the resulting sparse solution by z,. Performing hard threshold-
ing on z; yields %Ek) = Hk(z1). Then ’)75 = Alx( ) is the updated allocation for the first subproblem.

Next, let
k ~(k k

be the initial allocation for the second subproblem Solve the subproblem gbgk) = A,z, by any sparsity-

aware solver to get a sparse vector z;, and set x = Hk(zz). Then 7£k) = Aﬁg ) is the update of y( ),
Continue by taking

k ~(k k k k
o =y = (070 = (8 AY)

(k)

as the initial allocation for the ith subproblem in order to generate y , the update of )/ ®) This pro-

(k) - (k)

cess continues until Xp

(%Ek) x}(,k)) which is not necessarily K-sparse. Similar to CoSaMP and SP, we may perform a shrink-

age of x(k) followed by a pursuit step (i.e. orthogonal projection), to generate the next iterate x(*+1).

is obtained. Merging all K-sparse vectors X; ylelds the aggregated one x(*) =

We use an existing sparsity-aware algorithm to solve the subproblems (bfk) =Aijzifori=1,...,p,
which are significantly smaller in scale than the original problem. Existing algorithms that can serve
this purpose include OMP, HTP, CoSaMP, SP, ROTP, and ¢;-minimization. Throughout the rest of the
paper, we use SPARSITY-SOLVER(7, B) to denote such a solver, where 7 € R™ is a vector and B € R™*! is a
full-row-rank matrix with m < £. The solver takes the problem data (7, E) to generate a sparse solution
(denoted by %) for the system 7 = Bz:

% := arg | SPARSITY-SOLVER (“7 E)} :
We now formally describe the algorithm, referred to as the GDP in this paper.

GDP. Input A = [Ay,...,A,] e R™" (A; e R™*" i =1,...,p with m < min,gig,n;), y € R™, sparsity
level K, tolerance € > 0, and integer 7 satisfying K < 7 < 2K. Set k := 0 (iteration counter).

S1 Let ZI-(O) = arg [SPARSITY-SOLVER(y, A;)] xi(o) = HK(ZI-(O)) and yi(o) :Aixfo) fori=1,...,p. If
UK(ZEO)) < e for some i € {1,...,p}, stop and return x = (0,...,0, x(O) 0,... 0) e R

S2 Given the current iterate x*) and yi(k) fori =2,...,p, set rj)gk) =yt yl ) and perform the loop
e fori=1,....,p—1,do
o 2M = arg[SPARSITY SOLVER(¢™, A))]; %0 = Hy(zM);

° 7,‘():141'3?1'(’()%
k k
i ¢,+1 Y= Z] 1)’1() 514_2)/]()’

4
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e end
o 2" = arg[SPARSITY-SOLVER(¢S", 4,)]; % = H(2?).

$3 Let d®) = AT(y — Ax®)), 7 = 3. 59) and O = £, G0 U Lox_, (dP).

Set
70 = argg%{”y—Atz : supp (x) C T(k)}. (3.2)
S4 Let S = Lx(x) and
(D, ) = 0 = argmin { [y — x> supp (x) < ¥}, (33)
where xi(kH) eR"% i=1,...,p. Set yka) :Aixfkﬂ) for i =2,...,p. Replace k+ 1 by k and repeat

S2-§4 until a stopping criterion is met.

The SPARSITY-SOLVER(+,-) is referred to as the inner solver of the GDP algorithm. The algorithm can
start from any initial point x(*) € R”. However, we recommend using the initial point generated at SI,
as this might terminate the algorithm early if an e-solution is discovered there, which avoids unneces-
sary iterations. At S2, the GDP employs an alternating strategy to generate an intermediate point x(¥),
which is used to produce x**1) through the pursuit steps S3 and S4. Two consecutive shrinkages are
performed: The first one in 3, which is relatively loose with cardinality | T)| < 2K, significantly reduces
the error metric ||y — Ax||,; the second in S4 ensures that the iterate is K-sparse. This alternating scheme
is inspired by the traditional Gauss—Seidel iterative framework for solving linear equations and is also
used in ADMM and distributed optimization algorithms (see, e.g. [2, 8, 23, 24, 32-34]). The stopping
criterion at S4 can be tailored to specific applications. For example, we can stop the algorithm when the
prescribed maximum number of iterations is reached or when the point x(*t1) satisfies ||y — Ax(*1||, <
€. The algorithm is termed general due to its flexible framework, allowing for different choices of inner
solvers (exact or inexact), different selections of gradient information, and different choices for the num-
ber and size of subproblems.

Remark 3.1. When GDP is used to solve a problem, the number of blocks p adopted in the algorithm
depends on the actual size of the problem and the size of subproblems that can be handled by the user’s
available computing resources. Clearly, p =2 and p = 3 are two particularly important special cases of GDP.
For these cases, the algorithm is termed GDP, and GDP3, respectively. The performance of GDP, and GDP3
is evaluated and discussed in section 5. In addition, while the GDP in its current version does not seem suit-
able for parallel computing due to coupled subsystems, the framework of GDP under suitable modification
could be parallelized. For instance, if the Gauss—Seidel-type iteration is replaced with a Jacobi-type iteration
in S2, then the term d)fk) in S2 can be updated as ¢§k) =y— Z]- 4 y](k) fori = 1,...,p and thus the subprob-

lems ¢fk) =Ajzifori =1,...,p can be solved in parallel.

4. Analysis of algorithm

The GDP algorithm provides a way to leverage algorithms for relatively small problems to tackle larger
ones. GDP allows the subproblems to be solved inexactly using any sparsity-aware method. Without loss
of generality, we make the following assumption on the solver for subproblems:

Assumption 4.1. Given € > 0,7 € R™ and full-row-rank matrix B e R™ with m < ¢ , the solution

Z = arg | SPARSITY-SOLVER (?, E)}

satisfies |supp(z)| < m and ||?_EE||2 <€

This assumption is generally satisfied by any existing efficient sparsity-aware algorithm. In fact, since
B is a full-row-rank matrix, there exists a solution Z to the system 7 = Bz, which satisfies [supp(z)| <
m. Thus by the continuity of the linear mapping z +— Bz, for any € > 0, the linear system 7 = Bz always
has an e-solution 2 with supp(2) C supp(z), satisfying |supp(2)| < m and ||y — Bz||> < ¢. Any existing
numerical methods for locating a solution to underdetermined linear systems can be used to generate
such an approximate solution satisfying assumption 4.1. The benefit of using a SPARSITY-SOLVER(, ﬁ)
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is that when the underlying linear system has a sparse solution, the sparsity level of the computed Z is
usually much lower than m.

4.1. Analysis of initial step

Before establishing the main result for GDP, we first justify the initial step of GDP by showing that if

UK(ZEO)) < € for some i, then the algorithm immediately terminates at a K-sparse e-solution to the prob-

lem and hence no further iteration is required.

Theorem 4.2. Let A =[A,,...,Ap] € R™*", where every A; € R™*" with m < n; is a full-row-rank matrix.
Suppose that x* € R" is K-sparse, and that y := Ax* + v are the observations with noise v € R™. Assume that
the RIC of order 2K of A satisfies d,x < 1 (this implies 2K < m). Let zi(o) and xfo) be defined at S1 of GDP with
inner solvers obeying assumption 4.1. IfO'K(Zi(O)) < eforsomei € {1,...,p}, then the point
x=(0,... ,07x50),0, ...,0) € R" satisfies that

. 1 . A
f=xlh < vl C (Al 1) (2 1) e (@)
2

V13— V1—"dx

where C* is a constant determined by A. Moreover, if the observations are accurate (i.e. v =0) and JK(sz)) =0
forsomei€ {1,...,p}, thenX = x*.

Proof. Let zfo) be the output of SPARSITY-SOLVER(y,4;) in S1 of GDP. By assumption 4.1, we have ||y —
Aizfo) ||l2 < e. Notice that

y—Aixi(O) =y—AiHk (250)) :y—Aizfo) —A; (’HK (zi(o)) —zfo)) .

Suppose that O'K(Z(O)> < ¢, which implies ||HK(ZI-(O)) — zi(o) ||l2 < €. Then,

Iy = 4ix s < lly = 4 + 14 (i (27) =27 ) 12 < (Al + Ve, (42)

where the last inequality follows form ||A;||> < [|Al|;. Note that every A; is a full-row-rank matrix. Let

Bj be an m x m nonsingular submatrix of A;. For every j # i, define the vector v; = (Bj)_l(y—Aixfo)).
Then for every j # i, by using (4.2), we have that

-1 0 -1 0 ok
Iylla =11 (8) ™" (y=4ix™ ) 12 <11 (B) ™" llly = 4”12 < € (Al + Ve, (43)
where C* is the constant given as

C* = max max {||B~'||; : B€ R"*" is a nonsigular submatrix of A;}.
1<p B

(0)

i

By the definition of vj, we see that Bjv; =y — A;x
1)(y—A,-xfO) ), which implies that

Vi ~
Y :Aixi(o) + ZB]‘ (p_] 1) = Aixfo) + ZAjVj’ (4.4)
J#i eall

for every j # i. Adding up yields Zj#ijj =(p-—

where v; € R" is an inflated vector of v;/(p — 1) by adding n; — m zeros as entries. Notice that

y=Ax"+v=A;x"+ Zijf +v.
J#i
It follows from (4.4) that
A; (xfo) —x,’f) + ZA]- (’17] —xj‘) =v. (4.5)
j#i

Denote by A = supp(xfo)) and §; = supp(x7)forj = 1...,p. For j # i, one has

4 (5-%) = () (—x) + ()5 ()5 (46)

i ¢l )
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where §; is the complement of S; with respect to the index set for the columns of A;. Since supp(x; ©_
xf) CAUS;, we have A; (x; © —x7) = (Ai)aus; (% © —x})aus;- Thus combing (4.5) and (4.6) leads to

1

(A aus, (4 =) aus, T2 () (i-x), =v=> ()5 (s (4.7)

#i f j#i
Let Q(A) denote the coefficient matrix on the left-hand side of (4.7), i.e.
QUA) = [(A)as, (A1) s (i s s (Aig)s, oo (A9) g |-

Then the system (4.7) can be written as

Note that the number of columns of Q(A) is less than or equal to |A|+>"7_ [Se| < 2K due to |A| <
and > )_,[S¢| = |supp(x*)| < K. Thus taking the ¢,-norm in both sides of the above equation and using
the RIC constant d,x yields

VI—ou| | Go—a)s ||| <+ 13 ()5 @Gl (4.8)

(T;i+1 _x;k+1)51+1 j#i

The last term on the right-hand side of (4.8) can be bounded as

1> (A 2 <D 1A Il )51l < CTlIALL (Al + e, (4.9)

J#i i#i

where the last inequality follows from [|(A;)5 |2 < ||Al|2 and (4.3), which implies that ||(v;)5; HZ Vil =
pfl||vj||2 < pTlC*<||AH2 + 1)e. Thus 3, ; ||V]H2 < C*(J|]A]|2 4+ 1)e. By the definition of X, we have

(" =) s (5" =) s
(_xﬁsl (" _xik)sl - (;1)81
[ = x> < (=%, =l Gioi=xy)g = @i,
(_x?+1)5i+1 (Vi _x?+1)5i+1 - (7i+l)si+1
2, ). G-y~ )|
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Thus, we have

()
~ AUS;
(" *xik)sl
Foxlh<||| Go—x)g || + 1wl
(f17,‘+1 — x;k+1)si+1 j#i
(&717 _x;)sp )

< Wl + AL (Al + D e
~

V1—=bdx

+C*(||All2+ 1)e, (4.10)

where the last inequality follows from (4.8) and (4.9). The bound in (4.10) is exactly the one in (4.1).
Moreover, if v =0 and € = 0, then X = x*. d

4.2. Convergence of GDP

In general, the algorithm does not terminate at the initial step and thus generates a sequence {x(*)}.
We now establish the global convergence of this sequence under suitable conditions. Before proving the
main result, we first establish two technical lemmas. The first lemma bounds ||x*t1) —x*||, in terms of
[ — x*|| (p,00)> Where X% is defined in GDP.

Lemma 4.3. Let x* € R" be a K-sparse vector, and let y := Ax™ + v be the given observations with noise
v € R™. Suppose that A satisfies 03 < 1 (and hence 3K < m). Then the sequences {%(k)}@l and {x(k+1)}k>1
generated by the GDP satisfy that

* 3 * w 1
||x(k+1) x|, < wzplpz\/ﬁﬂx(k) — x| (pro0) + P2 + ||ATy||2, (4.11)
1—63]{ 1_521(

_ _ 1 _ 1
wherew = (v/5+1)/2, p1 = T and p, = T

Proof. Denote by A = £, (x¥)) and g:=H,(x®) = (x(¥) . Clearly, supp(g) C A. By lemma 2.2, we
have

lg— x*]l> < wl| (%“0 — "*)SUA 2 SwlE® —x* [, < wVBIFY — x| (p.0o)s (4.12)

where S = supp(x*). According to S3 of GDP, T = £ (X)) U Ly, (d®)). Notice that supp(g) C A C
T®) which implies that Sy = 0, where T = {1,...,n} \ T®. By the structure of GDP, the 2K-sparse
vector X% is the solution to the least-squares problem in (3.2). By using lemma 2.5, and by noting that
|T®| < 2K and (x%) )z = 0 = g, we have that

T
||§(k) —x*||; < 1 . | (’g(k) _x*>W‘|2+ : Hé V||2
V1= (070)4x) ! G
1 . ATl e 1AL
=—F——I@—x)gmlh+t— <pllg—x"2+T——,
2 1— 65k 1 —dsx
1 —(03x)

—52
3K

above inequality that

where p; = \/1175 Let S® = Lx(x0)) and h = Hg(x®)) = (0 )4 . It follows from lemma 2.2 and the

wl| ATl

4.13

=l <w] (39 - ") 2 <wpillg—x*ll2 +
SUsupp(h)

8
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Notice that [S®)| = K and hsz = 0, where SE ={1,...,n}\ S®. Since xk+1) = (xgk'H), e ,xl(,kH)) is
the solution to (3.3), by lemma 2.5, one has

T
<) — ), < ||( (k+1) *)T”2+ [A V[l
1- (5\s<k>\+z<) O s
ATV
= bl
(52K) 2K
w 1

Swpipllg =l + [ 22—+ AT, (4.14)

— 0k 1—0dx

where p, =

, the second relation above follows from (x(k“))m =0 = hygy, and the last inequal-

ity follows from (4 13) and [|(h — x*)gll2 < [|h — x*[|2. Merging (4.12) and (4.14) yields (4.11) immedi-
ately. O
We now present the next technical result.

Lemma4.4. LetA=[A,,...,A)] € R"*", where each A; € R™*" with m < n; and n, +--- +n, = n.
Suppose that A satisfies dax < 1 (and hence 4K < m). For a given integer 1 < q < p and a vector u € R, let
x € {1,...,n4} be an index set satisfying Lx(u) C x and |x| < 3K. Then

T *
iy (Ag) | (Ag) 5t < 01yl 12, (4.15)

wherex ={1,...,n,} \ x and {* := nomp=1) >

g
K K-

Proof. Decompose the set X as
x=T1uU---uly_;Uly,

which is the union of disjoint subset I'; C%, i = 1,...,¢ where the cardinality |I';| =K for 1 <i<{—1
and the cardinality of I'y is smaller than K. In fact, £ is uniquely determined by the factorization of the
integer x| = (¢ — 1)K+ r where 0 < r < K is the remainder of the division |Y|/K. By the definition of y,
we see that |x| > K and |x |+ [X| = ny4. Thus || < n, — K and

ng—K n; n—m(p—1)

<1 S P A A 4.16
+ X (4.16)

where the last inequality follows from ny=n—3_., nj<n—m(p—1) due to m <n; forallj =1,...,p.
By using lemma 2.4, for every 1 <i < /¢, one has

iy (Aq)i (Ag)p | <

Therefore,

<6 axlluylz,  (417)

¢
T T T T
luy (Ag) (Ag) x| = 1D uy (Ag) | (Ag)p, ur| < Z i+ |
where the last inequality follows from the fact d)y|4r;| < )y|4x, £ < ¢ and

lurll2 < llucewll2 < lluxllz,

which follows from the fact Lx(u) C x. O
The main result of GDP is summarized as follows.

Theorem 4.5. Let A =[Ay,...,A,] € R™*", where each A; € R™*" is a full-row-rank matrix with m < n;.
Let x* € R" be a K-sparse vector, and let y := Ax™ + v be the given observations with noise v € R™. Suppose
that the RIC of order 4K satisfies that

1
240 +w(p—1)(1+w/p)’

Sag < (4.18)
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where 0* = (n—m(p — 1)) /K> 0 and w = (\/5+1) /2. ((4.18) implies 4K < m.) Then the sequence
{x0} =1, generated by the GDP with an inner solver obeying assumption 4.1, satisfies that

[[®HFD — x|, < m|x* )—x*||(p7 )+C1(HI/||2+€)+C2||ATI/H2, (4.19)

where 1, Cy and C, are positive constants given as

w\/p(p—1)dux w’/p (14 dag) 1 w
_ VPP 0K o WVPUT oK) o +1), 4.20
9 (1 —d5) ' 9 (1 —5¢) 2T 1w V1—082 (420

where ) :=1— (14+0* 4+ (p — 1)w)dax > 0. Condition (4.18) guarantees that ) < 1. Moreover, if v = 0 and
¢ = 0, then the sequence {xX)}~ converges to x*.

Proof: Let {x(¥)} be the sequence generated by GDP with an inner solver satisfying assumption 4.1, where
each xb) = (xik), (k)) with x(k) eR%forj =1,...,p. As defined in GDP, z(k) is the solution produced

by SPARSITY- SOLVER(¢( ) Aj), where (;5( ) is the vector deﬁned at Step S2 of the algorlthrn By assumption 4.1,
we have Hgﬁ;k) fA]zj(k)Hz e and [supp(z; (k ))| < m. Define u = ¢(k) —Aj z(k) which satisfies ||1/( )||2

forj=1,...,p. Letx¥) = (x Ek), . (k)) be defined as in GDP. The first part of proof is to bound the term
X5 — x| (p,o0) in terms of [|x®) — x *||(p,00)- By the definition 2.1, we see that

X9 =%l (p,00) = max Hx == IxP = x; 2
for some g € {1,...,p}. Notice that y = Ax* + v = Zp—1 x* —|— v, where xf €RMforj=1,....p. Wealso
note that ¢§k) =y— quja(k) — Z]>q)’]( ) wherej7]( ) = =Ax x ) and y ijj(k) by the structure of GDP.
We have that

q

S S) -a

A, (zg") - x;) =) — v — A

j<q ji>q
S PO R Al ) B
i<aq j>q
_ZA (x —§(k)+ZA (x —x(k)> Vék). (4.21)
i<q i>q

Define S = supp(x*) and S = supp(x;) for j = 1,...,p. Clearly, > ;" [§;| < K'since x* = (x{,...,x
sparse. Denote by A]-( )= L( ]( ) _ x7) and Qj = Lk(z; (k )) Clearly, supp( (k )) = supp(HK(z;k))) co®.
For the above-mentioned index g, we define the union

— AR (k)
X =AU US,.

As |Aék)\ =K, \Qék)\ = Kand |5, < K, we see that |x | < 3K. Let ¥ = {1,...,n4} \ x be the complement of
X with respect to {1,...,n,} which is the index set for the columns of A;. Then we see that

A (A0 = x1) = (Ag), (50 ;) () (0 - x;>y. (4.22)
o ® 17
Multiplying (4.21) by {(Aq)x(zq —x; )X} leads to

* * * ¢
(2§ =Y (ARA (o) =) = D) —x) (A4 —FY)

10



10P Publishing Inverse Problems 42 (2026) 055002 Y-B Zhao et al

Substituting (4.22) into the left-hand side of (4.23) yields

I (40), (9 —x*> I3+ (29 —x;k)i (Ag)y (A (20~ ;)Y

= z<: ( ) q)iAj (x]* —%](k)) Z: ng) — x%‘)i (Aq iAj (x]?‘ —x]-(k)>
j<a j>q
+ (ng) —x{’;)i (Aq)i (1/ — yq(k)> . (4.24)

We now estimate each term in (4.24). The first term on the left-hand side can be bounded from below by
using the definition of RIC of order |x| < 3K:

(=0 (20 —x;) 13 <1(40), (9 ;) I3 (4.25)

We now bound the absolute value of the second term on the left-hand side of (4.24). Applying lemma 4.4 to

X = A(k) U Q(k) USg;and u = Zék) — x;, we immediately obtain

W#hﬁﬂiMJU%k(#L*ﬂ%<ﬁﬂwﬂWé x)lb (4.26)

where ¢* = (n— m(p — 1)) /K. Next, we bound every term on the right-hand side of (4.24). Note that for
any j # g, one has

xusue®|=aPual us,usu’| <4k, (4.27)

since \A(k | =K, |Q(k)| =K, \Q \ =K, 5,US; C Sand |S| < K. As supp(x] —x( )) CS; UQ( ) and j # g, by
using (4.27) and lemma 2.4, we have

| [(zék) _x;k)x} T(Aq);AJ (xj _”E(k)) | = [(25‘) _x;)x} T(Aq)i (Aj)sfunfk) (x]* _F’ZJ‘(k)>SjUQ)§k> |
< uell (49 =55) 1l (35 =57) oo e
J

<w&ﬂ(5)—x> 2, (4.28)
where w = (v/5+1)/2, and the last inequality follows from lemma 2.2, i.e.
q

k *
lf =% < N =0l <ol (35— 20) o e <l (39 =57 Il
11 q

Let V}k) = supp(xj(k)). Since xj(k) is K-sparse, by the same argument of (4.27), we have |y US;U V;k) | <4K.
Thus for any j # ¢, one has

| [(ng) _x;k)J T(Aq)iA] (x] _x](k)) |

T
_ k * Ty (k)
_|[(zg>_xq))j (A0)L () g (3 )Sjw;k)|
(k) _ = « (k)
<0ucl (3 =) Bl (5 =) o

<ol () =53) lalle® =< (4.29)
Finally, the last term of the right-hand side of (4.24) is bounded as

T
[(#0-%) ] @)L (=) < 10l (80 =5) b=l w30

Substituting (4.25), (4.26), (4.28)—(4.30) into (4.24) yields

(1= ) I <Zék) _x;)X”% <£*5\x\+KH( W —x > 12+ (9= 1) wisk]| ( W —x ) I3

11
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+ (0= @) ucl (20 = 53)_llallx” =5 000 + 1+ 8l (3 =57) [olly =V
Thus,
[1 - 5Ix| _6*6\X|+K_ (q— 1)W54K] l (Zék) —x;)x ll2
< (p— ) daxllx™ = x| ooy + /14 Ol — 0|2 (4.31)
Notice that
1= 0y = Ok — (@— Dwlse 29 :=1— (1+£* + (p — 1)w) bux,

which follows from 1 < g < p and 5\x| < 5\x\+K < 4. It follows from (4.31) that

O (29 = ;) Il < (0= 1) Gl = 2 ooy + V/T+ Bl = 0.
X
By applying lemma 2.2, we have
59 ="l ey = 5D =51l = I () = %5 1 <ol (29 —;

q)ﬂ,gk)usq Iz
<wll (49 =x;) I,
X

where the last relation follows from Q,gk) US, € x. By noting that || — V,gk) Il2

above two inequalities yields

< ||v||2 + €, merging the

wr/ 1+ 64](

(Il +e), (4.32)

||§(k) _x*”(p,oo) < p”x(k) —x" H(p,oo) +

where p := %. Let p1, p; be given as in lemma 4.3 and 7 be given as in (4.20). Then

1 w3\/13(p—1)541< <

1
2 = - - <, 433

where the inequality follows from the fact d,x, d3x < d4x. Merging (4.11), (4.32) and (4.33) yields

w’prp2y/p (1+0ax) ([IV]]2 + €)
0

wp2 1 «
+ + ATV, < nllx® = x*[| .00y + C1 (Il + €) + Col|ATV |,
1 -0k 1—06x

(k+1)

[lx — x*|l2 <w’pp1p2y/px®) =Xl (piooy +

where C; and C, are the constants given in (4.20). Thus the error bound (4.19) holds. It suffices to verify
that 7 < 1 under (4.18). As d4x < 1, we see that

w?/p(p—1)dak
TS U0 = (1 4+ 0+ (p— 1)) ba]”

We now verify that the right-hand side of the above is smaller than 1. This is equivalent to showing that
I+ +(p—Dw) b — 2+ +(p—Dw+w’pp—1)] bk +1>0,
which is guaranteed if d,x < r*, where r* is the smallest positive root to the equation in ¢:
(1+0+(p-Nw) - 240 +(p-Nwt+w’/p(p—1)]|t+1=0.
Denote by ( =2+ £* +w(p —1)(1 +w?/p). It is easy to verify that
2 1 1

(24 +wp-1)(1+wiyp)

*

B AT i

Thus ) < 1 is guaranteed by (4.18). The proof is complete. O

In practice, the source signal x* is generally not exactly K-sparse, but it is K-compressible (the signal
has K significant components and the remaining ones are small but not necessarily zero). In this case,

12
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we are interested in reconstructing the best K-term approximation of x*, i.e. x§ = Hx(x*), where S =
Li(x*). Since

y:Ax*—i—V:Axg‘—&—(Ax%—&—u) = Ax; +7,

where 7 = Axt + v, the observations y for a K-compressible signal x* can be seen as those for the K-
sparse signal x¢ with noise 7. Applying theorem 4.5 to the system y = Ax+ 7, we immediately obtain
the following result.

Corollary 4.6. Let A= [A,,...,A,] € R™*", where each A; € R™*" is a full-row-rank matrix with m < n;
and ny +---+n, = n. Let y := Ax" + v be the given observations of x* € R" with noise v € R™. Suppose that
the RIC of order 4K satisfies (4.18). Then the sequence {x'X) } >, generated by the GDP algorithm with an inner
solver obeying assumption 4.1, satisfies that

x5 =52 < nllx® = x5l p,00) + Ci (1712 + €) + G| AT,

where S = Li(x"), V = Ax; + v, and the constants Cy,C, and n < 1 are given in theorem 4.5. Moreover, if

7 =0 and e = 0, the sequence {x") } 1~ converges to x}.

Remark 4.7. The convergence analysis in this section is primarily of theoretical interest. It is well-known
that the RIP is hard to verify, as shown in corollary 4 of [47]. However, when A is constructed randomly,
conditions such as (4.18) can be guaranteed with high probability. For instance, if the entries of A € R™*"
are drawn independently from A/(0, 1), then it follows from lemma 2 of [52] that all submatrices A; €
R™*" specified in theorem 4.5 have full-row-rank almost surely; according to remark 9.28 of [21], the RIC
of order 4K satisfies dsx < d, with probability at least 1 — (1 for a given J,. € (0,1), provided that

m > c5;2{41<[1+1n(4';<)] +1In (i)},

where p € (0,1) is a given number and C > 0 is a universal constant. Thus, we mainly use Gaussian matrices
in the numerical experiments demonstrated in the next section.

5. Numerical experiments

We evaluate the performance of the proposed algorithm using sparse signal reconstruction as an example
of a LIP. The stopping criterion is set as ||x®) —x*||,/||x* ||, < 10~°, where x(¥) is the solution generated
by the algorithm and x* is the target signal. When this criterion is met, the reconstruction is deemed a
success. Given the flexibility in choosing inner solvers for GDP, we select one representative solver from
each of the following three categories: convex optimization, heuristic methods, and thresholding meth-
ods. Specifically, we choose /;-minimization (¢;-min), OMP, and HTP as representative inner solvers.
Section 5.1.1 presents comparisons between ¢;-min and GDP with ¢;-min as inner solver, and between
OMP and GDP with OMP as inner solver. Section 5.1.2 compares GDP (with HTP as inner solver)
against several existing algorithms. Finally, we apply GDP to magnetic resonance imaging (MRI) recon-
struction and compare its performance with several existing methods.

5.1. Experiments with random data

In our experiments, A € R™*" is a Gaussian matrix with entries drawn independently from N(0, %)
When the noise vector v € R™ is present, it is assumed to be a normalized Gaussian noise vector. The
nonzero elements of the K-sparse signal x* € R” are assumed to be drawn independently from A/(0,1)
and their positions follow the uniform distribution. The parameter 7 = K is adopted in GDP for all
experiments. For GDP,, the ratio of n; to n, is set to be 1: 4, and for GDP3, the ratio of n;, n,, and
ns is set to be 1:1: 3.

5.1.1. GDP with ¢1-min and OMP as inner solvers

Throughout this section, ¢;-min is solved using CVX [25] with the Mosek solver [1]. We evaluate GDP
performance with ¢;-min and OMP as inner solvers. The algorithm reconstructs a K-sparse vector x* €
R" from observations y := Ax* € R” with m = 1000 and n = 10000. For each sparsity level K = 100+
5j where j = 0,...,40, we generate 50 random pairs (A,x*) to estimate the success rate and calculate
average runtime on successfully solved instances. In this experiment, GDP runs for up to 20 iterations
on all test problems. The total number of iterations for OMP equals the sparsity level of x*.

13
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Figure 1. Comparison of success rates and average runtime (in seconds) of GDP,, GDP;3 and ¢;-min for sparse reconstruction.
GDP uses ¢;-min as inner solver.
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Figure 2. Comparison of success rates and average runtime (in seconds) of GDP», GDP3 and OMP for sparse reconstruction.
GDP uses OMP as inner solver.

The comparison between ¢;-min, GDP, and GDP; (the latter two using ¢;-min as inner solver) is
illustrated in figure 1. This figure shows that GDP, and GDP3 outperform ¢;-min in success rate for
reconstructing sparse signals. Specifically, figure 1(a) indicates that ¢;-min can exactly reconstruct only
signals with sparsity levels up to 175, while GDP, and GDP; can achieve exact reconstruction for sig-
nals with sparsity levels up to 225. However, figure 1(b) demonstrates that GDP, and GDP; spend more
time than ¢;-min to complete reconstructions. Similarly, figure 2 compares OMP, GDP, and GDP; (the
latter two using OMP as inner solver). Figure 2(a) shows that GDP, and GDP; achieve higher success
rates than OMP, though they need more time to solve the problems, as shown in figure 2(b). These res-
ults demonstrate that the GDP framework, using either ¢;-min or OMP as inner solver, significantly

enhances the likelihood of exact sparse signal reconstruction, enabling it to solve a much broader range
of problems than traditional £;-min and OMP.

The experiment results also show that GDP exhibits no clear difference in problem-solving ability
when using either ¢;-min or OMP as inner solver. However, the choice of inner solvers would directly
affect computational cost for subproblems. Figures 1(b) and 2(b) indicate that GDP using ¢;-min as
inner solver takes more time than using OMP as inner solver. Thus, it is advantageous to select an inner

solver with low per-iteration complexity, such as the HTP which is a popular gradient-based threshold-
ing method.

5.1.2. GDP with HTP as inner solver

In this section, we compare the performance of several mainstream algorithms with GDP (using HTP as
inner solver) for sparse signal reconstruction from noisy observations. Specifically, the algorithms recon-
struct a K-sparse vector x* € R” from observations y := Ax* 4+ ev € R™, where m =4 x 10%, n=10° and
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Figure 3. Comparison of success rates and average runtime (in seconds) of algorithms using inaccurate observations. GDP uses
HTP as inner solver.

(a) Success rates

the noise level € = 107*. For each sparsity level K= 700+ 10, i = 0,1,...,30, we generate 50 random
examples of (A,x*,v) to estimate the success rates of GDP,, GDP3;, HTP, OMP, SP and CoSaMP. Each
algorithm is limited to a maximum runtime of 2000 seconds. If an algorithm successfully recovers x*
within this limit, a success is recorded and its runtime is logged; otherwise, the runtime is recorded as
2000 s. As shown in section 4.2, the convergence of GDP does not require subproblems to be solved pre-
cisely at every iteration. Therefore, in our experiments, HTP is limited to at most 10 steps per global
GDP iteration.

The results for success rates and average CPU time are shown in figure 3. This figure demonstrates
that GDP, outperforms the other algorithms in success rate and takes less CPU time at high sparsity
levels. Specifically, to achieve a 90% reconstruction success rate, SP and CoSaMP can only reconstruct
vectors with sparsity level up to 770, while OMP, HTP and GDP; can reconstruct vectors with sparsity
level up to 850. In contrast, GDP; is the most powerful method, capable of reconstructing vectors with
sparsity level up to 900 while maintaining a success rate above 90%. The overall performance of GDP3
is similar to that of OMP and HTP. Furthermore, figure 3(b) indicates that GDP, and GDP; also exhibit
advantages in average CPU time, generally working faster than OMP. When the sparsity level is high,
GDP; solves the problem faster than all other algorithms shown in the figure.

This experiment suggests GDP, outperforms GDPs3, though this conclusion should not be general-
ized due to limited problem sizes. The optimal number of blocks in matrix decomposition depends on
subproblem size and available computational resources; large subproblems may require further decom-
position to enable efficient solution by the inner solver.

5.2. Reconstruction of MRI image

In this subsection, we compare the performance of GDP,, HTP, SP, and CoSaMP for reconstruct-
ing a 348 x 384 brain MRI image under a synthetic measurement model. The original T2-weighted
Turbo Spin Echo axial image (figure 4(a)) is vectorized via column-wise stacking into u* € R" with
n=133,632. This vector is transformed into a compressible representation x* € R" through the ortho-
gonal linear transform W = W, o W, where x* = Wu*. Here, W, denotes the discrete cosine transform
and W, denotes the discrete wavelet transform using a six-level ‘sym8’ wavelet with periodic extension.
To reconstruct u*, we acquire measurements y := Au* + ev € R™ with m = n/4 and € =0.5, where A
and v are defined in section 5.1. Since u* = W™ 'x*, these measurements can be expressed equivalently
as y = AW 'x* + ev, enabling reconstruction in the transform domain. Let X denote the best K-term
approximation of x*, with sparsity level K= [2m/7]. Applying the reconstruction algorithm to the prob-
lem data (y,AW™!) recovers X, from which the reconstructed image is obtained as i = W™ 'x.

We use the peak signal-to-noise ratio (PSNR) to evaluate the quality of reconstructed images. The
PSNR is defined as PSNR := 10 - log,,(255°/MSE), where MSE represents the mean-squared error
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Figure 4. (a)—(d): Comparison of reconstructed images via GDP,, HTP and SP. (Original image courtesy of the Shandong Zibo
Central Hospital.) (e): PSNR (in dB) versus the logarithmic scale for CPU time in seconds.

between the true value u* and its estimate #%. In this experiment, we applied GDP,, HTP, CoSaMP

and SP to reconstruct the MRI image. For GDP,, the ratio of n; and n, was set to 2: 1, and its inner
solver HTP was executed for only ten iterations. The maximum runtime allowed for all algorithms was
set to 6 x 10*s. We monitored PSNR improvement during the iterations. The results are summarized

in figure 4(e). The highest PSNR values achieved by GDP,, HTP, SP and CoSaMP were approximately
36.2, 26.1, 24 and 21.2, respectively. Notably, only GDP, achieved a PSNR in the range (26.1,36.2]. This
clearly demonstrates that GDP, outperforms the other three algorithms (HTP, CoSaMP and SP) in this
reconstruction task. The image reconstructed by GDP, was shown in figure 4(b). For comparison, the
images generated by HTP and SP are displayed in figures 4(c) and (d), respectively. The image recon-
structed by CoSaMP was omitted due to its low reconstruction quality. As shown in figures 4(a)—(d),
GDP; achieves better visual quality in reconstructed images than the other algorithms. Note that this
MRI experiment is for illustrative purposes only, and the proposed algorithm is not intended to surpass
state-of-the-art algorithms for solving MRI tasks.

6. Conclusions

The GDP algorithm has been developed to find the sparse solutions of LIPs. It leverages those
algorithms designed for small-scale problems to effectively solve large-scale problems. The GDP is shown
to be globally convergent under the RIP. Numerical experiments have demonstrated that with an appro-
priate choice of inner solvers, GDP can outperform many existing sparsity-aware methods by achieving
remarkably higher success rates for finding the true sparse solutions to LIPs. GDP is the first of its kind
specifically developed to tackle large-scale problems that are challenging for the current sparsity-aware
methods.
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