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Abstract
Image alignment is an important problem in computer vision, which can be solved by tensor
based methods that are robust to noise and have satisfactory performance. However, these
methods face two common challenges: (1) they have high computational cost when dealing
with large-scale tensor data; (2) they ignore the local structures within and across images.
To overcome these challenges, we propose an efficient data-driven tensor dictionary learning
(DTDL) model for image alignment. In our DTDL model, we factorize the underlying third
order tensor into a coefficients tensor and three dictionary matrices of smaller sizes, which
reduces the dimensionality and complexity of the problem. We also exploit the generalized
hyper-Laplacian regularization to preserve the local structures that are embedded in the
underlying tensor and represented by the dictionary framework. Furthermore, we prove that
our proximal linearized alternating direction method of multipliers algorithm can generate
a sequence that converges to a Karush–Kuhn–Tucker point under very mild conditions. We
conduct experiments on image alignment and face recognition tasks, and show that our
method outperforms state-of-the-art methods in terms of performance and efficiency.

Keywords Image alignment · Dictionary learning · Data-driven · Hyper-Laplacian
regularization

1 Introduction

Image alignment has gained increasing attention in face recognition [41] and machine learn-
ing communities [18]. Based on the existing literature, image alignment methods can be
broadly classified into two categories: congealing based methods and low rank based meth-
ods.

Congealing based methods: Congealing is a nonparametric technique for separating a
set of images into sets of approximately independent “ingredients” [10]. It can be applied to
image alignment problems. For instance, Learned-Miller [10] proposed a congealing method
that minimizes the sum of the pixel-stack entropies with image transformations. Cox et al.
[3, 4] proposed a least squares congealing method that uses a different alignment measure
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than entropy and minimizes it for batch image alignment tasks. However, these methods are
ineffective for aligning linearly correlated images that suffer from common real world degra-
dation, such as large illumination variations and gross pixel corruptions or partial occlusions
[16].

Low rank based methods: Low rank matrix based methods, which are shown to be more
promising than congealing based methods [16], decompose the transformed images into a
low rank matrix of aligned images and a sparse matrix of errors, and seek the optimal domain
transformations while minimizing the rank and sparsity. A unified model of these methods
can be mathematically expressed as

min
X ,E,�

rank(C) + λ‖E‖0, s.t. Y ◦ � = X + E . (1)

Here the �0-norm ‖ ·‖0 counts the number of nonzero entries. Y = [vec(I1), . . . , vec(In3)] ∈
R
n1n2×3 is the data matrix of n3 input images Ik ∈ R

n1×n2 . � = {τ1, . . . , τI3} are the
transformations. Y ◦ � means that the transformation τk is applied to the image Ik for k =
1, 2, . . . , n3 [16]. To solve (1), RASL [16] applies the convex relaxation theory to rank(·)
and ‖ · ‖0 to obtain a new optimization problem:

min
X ,E,�

‖X‖∗ + λ ‖E‖1 , s.t. Y ◦ � = X + E, (2)

where ‖ · ‖∗ denotes the nuclear norm, which is the sum of the singular values of a matrix,
and ‖ · ‖1 denotes the �1-norm, which is the sum of the absolute values of the matrix entries.
To reduce the high computational cost of SVD in each iteration of numerical methods for (2),
He et al. [6] proposed a matrix factorization method that maintains the low rank structure of
a matrix. This leads to a reformulation of (1) as

min
U ,W ,E,�

‖E‖1, s.t. Y ◦ � = UW + E . (3)

Low rank matrix based methods capture the low rankness across the images, yet destroys
the intrinsic structure of individual images. To alleviate this limitation, Zhang et al. [41],
Qiu et al. [21], and Xia et al. [30] consider low rank tenor based methods, which performs
more naturally and auspiciously than vector linear representation for image data analysis.
This leads to a reformulation of (1) as

min
X ,E,�

rank(X ) + λ‖E‖0, s.t. Y ◦ � = X + E . (4)

Here Y ◦ � represents that the transformation τk is applied to each frontal slice Y(:, :, k) for
k = 1, 2, . . . , n3.

Although the existing tensor based methods have achieved satisfactory performance, they
still suffer from the following limitations: (1) they are computationally expensive since they
require calculating the singular value decompositions (SVDs) ofmany large-scalematrices or
performing numerous matrix multiplications; (2) they often ignore the locality and similarity
information of each image and between images. To address these two issues, we propose a
novel image alignment method using data-driven tensor dictionary learning (DTDL) model.
Similar to �p+ADMM [41], NCALTS [21] and TFM-TTP [30], DTDL is also a tensor based
method. But instead of using the rank of X , we factorize the low rank tensor X ∈ R

n1×n2×n3

into the product of one coefficients tensor L ∈ R
r1×r2×r3 and three dictionary matrices

Di ∈ R
ni×ri of smaller sizes, where ri is usually much smaller than ni , especially r3.

DTDL model based on this factorization has a performance guarantee, since by Theorems
1 and 2, DTDL and dictionary-free model based on Tucker rank [41] and tubal rank [21]
are equivalent. Unlike �p+ADMM and NCALTS, which require calculating the singular
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value decompositions (SVDs) of many large-scale matrices (specifically, n3 matrices of
size n1 × n2), and TFM-TTP, which involves extensive matrix multiplications due to the
large third dimension n3, DTDL only computes the SVDs of a few small-scale matrices
(specifically, r3 matrices of size r1 × r2). This results in a lower computational cost per
iteration, O(n1n2n3

∑3
i=1 ri ), compared to the computational complexities of �p+ADMM,

NCALTS, and TFM-TTP, which areO(n1n2n3
∑3

i=1 ni ),O(n1n2n3(min{n1, n2}+n3)), and
O(n1n2n3(r̂ + n3)), respectively, where r̂ is the estimated tensor tubal rank of X . Moreover,
DTDL can preserve the local structures of X using adaptively learned dictionary matrices
based on the locality and similarity information. Therefore, the main purpose of this paper
is to propose an efficient image alignment method which integrates the local structures in a
dictionary framework.

To summarize, this paper makes the following contributions:

(i) We propose an efficient data-driven tensor dictionary learning (DTDL)model for image
alignment, which factorizes the underlying third order tensor into a coefficients ten-
sor and three dictionary matrices of smaller sizes, reducing the dimensionality and
complexity of the problem.

(ii) We establish the equivalence between the proposed model and the dictionary-free
model based on the Tucker rank and the tubal rank, respectively. These theoretical
results are rarely provided by previous works in this field.

(iii) We use the generalized hyper-Laplacian regularization on the dictionary atoms, which
allows us to adapt the dictionary to the local structures of the data tensor, instead of
just enforcing orthogonality or normalization constraints on it. This way, we preserve
the local structure information of the data while we update the dictionary.

(iv) We prove that the sequence generated by the proposed proximal linearized alternating
direction method of multipliers algorithm can converge to a Karush–Kuhn–Tucker
point under very mild conditions. Experimental results show noticeable improvement
over the state-of-the-art image alignment methods in terms of both alignment accuracy
and computational efficiency on various datasets.

This paper is organized as follows. In Sect. 2,we introduce somenotation and preliminaries on
Tucker decomposition, tensor singular value decomposition, tensor norm and its proximal
mapping. In Sect. 3, we present the proposed method for image alignment. In Sect. 4, we
provide an algorithm with convergence analysis for solving the proposed model. In Sect. 5,
we report numerical examples to demonstrate the effectiveness and efficiency of the proposed
method. In Sect. 6, we conclude the paper.

2 Preliminary Knowledge on Tensor

Before proceeding, we first present some notations here. For a positive integer n, [n] :=
{1, 2, . . . , n}. Scalars, vectors, matrices and tensors are denoted as lowercase letters, bold-
face lowercase letters, uppercase letters and calligraphic letters, respectively, e.g., x , x,
X , X . For a third order tensor X ∈ R

n1×n2×n3 , its (i, j, k) entry is denoted by Xi jk or
X (i, j, k), and we use the notations X (k) to denote its kth frontal slice. The inner product
of two third order tensors X , Y ∈ R

n1×n2×n3 is 〈X ,Y〉 = ∑n1
i=1

∑n2
j=1

∑n3
k=1 Xi jkYi jk .

The Frobenious norm and �p-norm with p ∈ (0, 2) of X are ‖X‖F = √〈X ,X 〉 and
‖X‖p = (

∑n1
i=1

∑n2
j=1

∑n3
k=1

∣
∣Xi jk

∣
∣p)1/p , respectively. Let σs(X) denote the sth largest

singular value of X . The spectral norm of matrix X is defined as ‖X‖ = √σ1(XT X).
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Before proceeding with the model, we overview some tensor related concepts.

2.1 Tucker Decomposition

In this part, we review theTucker decomposition and introduce some related tensor operations
and properties. For more details, we refer the readers to the excellent review paper [9].

Definition 1 (Tensor mode-i product) The mode-i product of X ∈ R
n1×...×nm with A ∈

R
ri×ni is written as X ×i A ∈ R

n1×...ni−1×ri×ni+1×...×nm , defined component-wisely by

(X ×i A)s1...si−1 jsi+1...sm =
ni∑

si=1

Xs1s2...sm A jsi .

For matrices A, B, C and D of appropriate sizes, there hold

(1) X ×i A × j B = (X ×i A) × j B = (X × j B
)×i A for i 	= j ;

(2) X ×i C ×i D = X ×i (DC).

Definition 2 (Mode-i unfolding and folding operations) The mode-i unfolding X(i) of X ∈
R
n1×...×nm is a matrix in R

ni×∏s 	=i ns , in which the columns consist of vectors that keep all
indices except i . The mode-i folding operation is X = fold(i)(X(i)).

Let T = G × 1V (1) × 2V (2) × · · · ×m V (m). Then for any i ∈ [m], one has

T(i) = V (i)G(i)

(
V (m) ⊗ . . . ⊗ V (i+1) ⊗ V (i−1) ⊗ . . . ⊗ V (1)

)T
,

where A ⊗ B is the Kronecker product of A and B.

Definition 3 (Orthogonal Tucker decomposition) Let T = G ×1 U (1) ×2 U (2) ×3 U (3) be
a third order tensor, where G ∈ R

r1×r2×r3 , ri = rank(T(i)) and U (i) ∈ R
ni×ri is column

orthogonal for all i ∈ [3]. Then G is called the core tensor and the above equation is called
an orthogonal Tucker decomposition of T .

Remark 1 If U (3) is the identity matrix, then the orthogonal Tucker decomposition reduces
to the orthogonal Tucker2 decomposition.

2.2 Tensor Singular Value Decomposition

Let X̄ ∈ C
n1×n2×n3 be the result ofDiscrete FourierTransformation (DFT)ofX ∈ R

n1×n2×n3

along the 3th mode. Specifically, let F = [ f1, . . . , fn3 ] ∈ C
n3×n3 with

fi =
[
ω0×(i−1);ω1×(i−1); . . . ;ω(n3−1)×(i−1)

]
∈ C

n3 ,

ω = e
− 2πb

n3 and b = √−1. Then X̄ = X ×3 F , which can be computed by Matlab
command “X̄ = fft(X , [ ], 3)”. Furthermore, X can be computed by X̄ with the inverse
DFT X = ifft(X̄ , [ ], 3).
Definition 4 (T-product [8]) The t-product between X ∈ R

n1×n2×n3 and Y ∈ R
n2×n4×n3 is

defined as
X ∗ Y = f old (bcirc(X ) · un f old (Y)) ∈ R

n1×n4×n3 ,
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where

bcirc(X ) =

⎡

⎢
⎢
⎢
⎣

X (1) X (n3) · · · X (2)

X (2) X (1) · · · X (3)

...
...

. . .
...

X (n3) X (n3−1) · · · X (1)

⎤

⎥
⎥
⎥
⎦

,

un f old(Y) = [Y (1); Y (2); · · · ;Y (n3)] ∈ R
n2n3×n4 and its inverse operator fold is defined as

f old(un f old(Y)) = Y .

Definition 5 (F-diagonal tensor [8]) A tensor is called f-diagonal if each of its frontal slices
is a diagonal matrix.

Definition 6 (Conjugate transpose [8]) The conjugate transpose of a tensor X ∈ R
n1×n2×n3

is the tensor X T ∈ R
n2×n1×n3 obtained by conjugate transposing each of the frontal slices

and then reversing the order of transposed frontal slices 2 through n3.

Definition 7 (Identity tensor [8]) The identity tensor I ∈ R
n×n×n3 is the tensor whose first

frontal slice is the n × n identity matrix, and other frontal slices are all zeros.

Definition 8 (Orthogonal tensor [8]) A tensor X ∈ R
n×n×n3 is orthogonal if it satisfies

X T ∗ X = X ∗ X T = I.

We now introduce a new tensor decomposition framework, t-SVD.

Definition 9 (T-SVD [8]) For a given tensor X ∈ R
n1×n2×n3 , it can be factorized as

X = U ∗ S ∗ VT ,

where U ∈ R
n1×n1×n3 ,V ∈ R

n2×n2×n3 are orthogonal tensors and S ∈ R
n1×n2×n3 is an

f-diagonal tensor.

Definition 10 (Tensor tubal rank) [7] For any X ∈ R
n1×n2×n3 , its tubal rank is defined as

rankt (X ) = maxk∈[n3] rank(X̄ (k)).

2.3 Tensor Norm

To proceed, we need to define the generalized nonconvex low rank and sparse tensor norm,
which incorporates somewell-known functions such as �q penalty function,minimax concave
penalty function, and so on.

Definition 11 Given X ∈ R
n1×n2×n3 and n = min {n1, n2}, the generalized nonconvex low

rank tensor norm of X is defined as

‖X‖ψ
� = 1

n3

n3∑

k=1

n∑

s=1

ψ
(
σs

(
X̄ (k)

))
. (5)

Indeed, when ψ(x) = x , ‖X‖ψ
� would degrade into tensor nuclear norm (TNN) [23].

Definition 12 Given X ∈ R
n1×n2×n3 , the generalized nonconvex sparse tensor norm of X is

defined as

‖X‖ψ
1 =

n1∑

i=1

n2∑

j=1

n3∑

k=1

ψ
(
Xi jk

)
. (6)
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The function ψ is nonconvex and satisfies the following assumptions:

Assumption 1 (a) ψ be a proper, lower semicontinuous and y-axis symmetric function;
(b)ψ be a concave andmonotonically nondecreasing function on [0,+∞)withψ(0) = 0.

Example 1 Most existing functions satisfy Assumption 1. Below, we present three specific
instances:

(1) �q penalty: ψ(x) = |x |q , 0 < q < 1;
(2) Smoothly clipped absolute deviation (SCAD) penalty:

ψ(x) =

⎧
⎪⎨

⎪⎩

ξ |x |, if |x | < ξ,
2bξ |x |−x2−ξ2

2(b−1) , if ξ � |x | < bξ,

(b + 1)ξ2/2, if |x | � bξ,

where b > 1, ξ > 0;
(3) Minimax concave penalty (MCP):

ψ(x) =
{
c|x | − 1

2η x
2, if |x | � cη,

c2η
2 , if |x | > cη,

where η, c > 0.

3 Proposed DTDL for Image Alignment

In this section, we describe the use of data-driven tensor dictionary learning (DTDL) model
for the task of aligning and removing noise from a batch of linearly correlated images. We
first present the dictionary learning model for reducing processing time, then incorporate the
original tensor spatial and temporal information into the corresponding dictionary to learn it
adaptively, and finally, deduce the new image alignment model.

3.1 Tensor Dictionary LearningModel

Due to the high dimensionality of X , existing image alignment algorithms [16, 21, 41] have
high computational costs and poor scalability. To overcome these obstacles, we replace X
with L ×1 D1 ×2 D2 ×3 D3 and our tensor dictionary learning model is formulated as

min
L,Di ,E,�

R1 (L) + λ1R2 (E)

s.t. Y ◦ � = L ×1 D1 ×2 D2 ×3 D3 + E,
(7)

where matrices Di ∈ R
ni×ri , i ∈ [3] represents the dictionary corresponding to the i th

direction, and L ∈ R
r1×r2×r3 is the corresponding low rank coding coefficients tensor. The

regularization terms R1(L) and R2(E) are used to depict the low rank and sparse properties
of L and E , respectively.

Remark 2 When ni is large (in practice, this often happens when the number of images to
be aligned is large, i.e., n3 is large), we can set ri � ni to save computation by ignoring
unimportant data. When ni is small, we can set ri ≈ ni to enhance the alignment effect
by keeping the details. Therefore, by controlling the value of ri , we can both reduce the
computation and improve the alignment effect.
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Remark 3 Unlike traditional dictionary learning techniques, which enforce the sparsity or
tubal sparsity of coefficients [17, 42], we use a specific low rank structure of the coefficients,
which allows us to complete X accurately by combining features linearly, together with the
learned dictionary. Please see Subsection 5.3-1) for detailed comparisons of sparsity and low
rankness.

Now we are ready to establish the equivalence between (7) and dictionary-free model
based on Tucker rank [41] and tubal rank [21], respectively. The proofs of the following two
theorems are provided in “Appendix A” and “Appendix B”.

Theorem 1 Problem (7) is equivalent to

min
X ,E,�

3∑

i=1

rank
(
X(i)
)+ λ1R2 (E) , s.t. Y ◦ � = X + E, (8)

which is the problem studied in [41], under the condition R1(L) =∑3
i=1 rank(L(i)).

Theorem 2 Problem (7) is equivalent to

min
X ,E,�

rankt (X ) + λ1R2 (E) , s.t. Y ◦ � = X + E, (9)

which is the problem studied in [21], under the condition R1(L) = rankt (L) and D3 = I .

Remark 4 From the above two theorems, we can see that our model and the model based
on Tucker rank and Tubal rank can obtain the same global optimal solution under certain
conditions, but our model reduces the computational cost by decomposing a large tensor data
into a product of a small coefficient tensor and three small dictionary matrices.

3.2 Dictionary Learning with Generalized Hyper-Laplacian Regularization

The dictionary is a key component of the model that relies on dictionary learning. However,
the existing methods of selecting the dictionary are coarse, and can be divided into two main
categories:

(1) learning a fixed dictionary in advance from the original data tensor using principal
component analysis (PCA) or other techniques [24, 27];

(2) learning a dynamic dictionary by adding a kernel norm or other regularization term to
the objective function to enforce low rank or smoothness constraints on the dictionary [34,
40]; or by adding normalized constraints [19], orthogonal constraints [22] or other constraints
to avoid the pathological case or reduce the processing time.

These two methods do not adaptively adjust the dictionary learning method according to
the different original data tensor. To address these issues, we propose a prior-based dictionary
learning model that incorporates a generalized manifold structure.

To achieve this, we present Theorem 3 as follows:

Theorem 3 [32] Let X = L×1 D1 ×2 D2 ×3 D3. Define the operator ∇ as a linear gradient
operation characterized by ∇i,i = 1 and ∇i,i+1 = −1, with all other entries being zero.
Then, we have

∇X(i) ∈ span{∇Di }, i ∈ [3],
where span{∇Di } represents the linear space spanned by the columns of matrix ∇Di . The
notation∇X(i) ∈ span{∇Di } indicates that all columnvectors of∇X(i) liewithin span{∇Di }.
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Theorem3 implies that the piecewise smooth structure of a tensor can be represented by the
factor subspace smoothness along each mode. By integrating this concept with the manifold
assumption, which states that data points close to each other in a local neighborhood share
similar properties [44], we develop the following generalized hyper-Laplacian regularization:

1

2

∑

m1

∑

m2

‖Di (m1, :) − Di (m2, :)‖p
p W

i
m1m2

= ‖Gi Di‖p
p , (10)

where Wi be the weight matrix given by

Wi
m1m2

=
⎧
⎨

⎩

exp

(

−‖X(i)(m1,:)−X(i)(m2,:)‖2
F

σ 2

)

, if X(i)(m1, :) and X(i)(m2, :) are neighbors,
0, otherwise.

The generalized hyper-Laplacian matrix Gi ∈ R
ni (ni−1)/2×ni is defined as

Gi (g,m1) = −Gi (g,m2) =
{

p
√
Wi (m1,m2), if g = (m1 − 1)ni + m2 − m1(m1 + 1)/2,

0, otherwise.

Example 2 If ni = 4, then

Gi =

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

p
√
Wi

12 − p
√
Wi

12 0 0

p
√
Wi

13 0 − p
√
Wi

13 0

p
√
Wi

14 0 0 − p
√
Wi

14

0 p
√
Wi

23 − p
√
Wi

23 0

0 p
√
Wi

24 0 − p
√
Wi

24

0 0 p
√
Wi

34 − p
√
Wi

34

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

.

Remark 5 By applying (10), we can simultaneously mine the local structures of the three
directions hidden within X . Specifically, ‖G1D1‖p

p and ‖G2D2‖p
p jointly capture the spatial

appearance, while ‖G3D3‖p
p encodes the inherent temporal consistency.

Remark 6 Setting p = 2 and Gi = K i − Wi [33] with

K i (m1,m2) =
{∑

m2
Wi

m1m2
, if m1 = m2,

0, otherwise,

in (10) leads to

‖Gi Di‖p
p = 1

2
tr
(
DT
i Gi Di

)

as studied in [11, 31, 43], which is a hyper-Laplacian regularization term.

Remark 7 Setting p = 1 and

Gi =

⎛

⎜
⎜
⎜
⎜
⎜
⎝

1 −1 0 · · · 0 0
0 1 −1 · · · 0 0
0 0 1 · · · 0 0
...

...
...

. . .
...

...

0 0 0 · · · 1 −1

⎞

⎟
⎟
⎟
⎟
⎟
⎠
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in (10) as studied in [25], which is a total variation (TV) regularization term.

Remark 8 Setting p = 2 and

Gi =

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

1 −1 0 · · · 0 0
−0.5 1 −0.5 · · · 0 0
0 −0.5 1 · · · 0 0
...

...
...

. . .
...

...

0 0 0 · · · 1 −0.5
0 0 0 · · · −1 1

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

in (10) as studied in [36].

Based on the above analysis, and considering that the entries in a spectral vector are
corrupted by Gaussian noise, the proposed data-driven tensor dictionary learning (DTDL)
model for aligning and removing noise a batch of linearly correlated images is formulated as

min
L,Di ,E,�

‖L‖ψ
�+λ1 ‖E‖ψ

1 +λ2

3∑

i=1

‖Gi Di‖p
p+ β

2
‖L ×1 D1 ×2 D2 ×3 D3 + E − Y ◦ �‖2F .

(11)

Remark 9 Since the sum of the nuclear norm (SNN) [13] can destroy the data structure and
incur high computation [35, 45], we adopt the TNN norm to approximate the low rankness
of the tensor L. At the same time, considering that the �1-norm may introduce bias in the
estimators [5], we employ a class of nonconvex functions to achieve a better approximation
of the �0-norm.

Remark 10 In our proposed model DTDL, two core components are emphasized. First, the
underlying tensor is decomposed into a coefficient tensor of small size and three compact
dictionary matrices, enabling a more efficient representation. Second, the model incorpo-
rates a generalized hyper-Laplacian regularization to preserve the intrinsic local structures
embedded in the underlying tensor, as captured by the dictionary framework.

4 Optimization Procedure for DTDL

In this section, to solve the proposed DTDL model, we develop a generalized Gauss-
Newton algorithm [1]. Then, a proximal linearized alternating directionmethod ofmultipliers
(ADMM) algorithm is designed to handle the subproblem that arises from the Gauss-Newton
method.

4.1 Gauss-Newton Algorithm for DTDL

One of the challenges in solving the optimal alignment problem (11) is the highly nonlinear
equality constraint that involves the domain transformations �. To handle this nonlinearity, a
common technique is to linearize the constraint around the current estimate of the transforma-
tion parameters, especially when the changes in � are small or incremental [16]. Specifically,
we derive the first-order Taylor approximation of Y ◦ � at �0 as follow:

Y ◦ � ≈ Y ◦ (�0 + 
�
) ≈ Y ◦ �0 + fold3

⎛

⎝

(
n3∑

k=1

Jk
�εkε
T
k

)T
⎞

⎠ ,
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where�0 = [τ 01 , τ 02 , . . . , τ 0n3 ] and Jk represents the Jacobian of Y (k) with respect to the trans-
formation parameters τ 0k . Then, problem (11) can be relaxed to the following optimization
problem:

min
L,Di ,E,
�

‖L‖ψ
� + λ1 ‖E‖ψ

1 + λ2

3∑

i=1

‖Gi Di‖p
p

+β

2

∥
∥
∥L ×1 D1 ×2 D2 ×3 D3 + E − Y ◦ �0 − 
�̃

∥
∥
∥
2

F
, (12)

where 
�̃
.= fold3((

∑n3
k=1 Jk
�εkε

T
k )T ). Based on the preceding analysis, Algorithm 1

presents the iterative process of the generalized Gauss-Newton algorithm. For a more com-
prehensive understandingof the algorithmand its intricacies, further insights and explanations
are available in [16, 21].

Algorithm 1 A generalized Gauss-Newton method to solve DTDL

Require: Tensor Y ∈ R
n1×n2×n3 and parameters λ1, λ2.

Initialize: �0 = [τ01 , τ02 , . . . , τ0n3 ].
while not converge do
Step 1. Update Jacobian matrices Jk according to

Jk = ∂

∂x

(
vec(Y(:, :, k) ◦ x)

‖ vec(Y(:, :, k) ◦ x)‖F
)∣
∣
∣
∣
x=τdk

, k ∈ [n3].

Step 2. Wrap and normalize each frontal slice of Y ◦ �d according to

(
Y ◦ �d

)
(:, :, k) = Y(:, :, k) ◦ τdk∥

∥
∥Y(:, :, k) ◦ τdk

∥
∥
∥
F

, k ∈ [n3].

Step 3. Update (L, Di ,E,
�) according to (12).
Step 4. Update the domain transformations �d+1 according to �d+1 = �d + 
�.
Let d := d + 1 and go to Step 1.

end while
Ensure: L�, D�

i ,E
�, ��.

4.2 Proximal Linearized ADMMAlgorithm for (12)

In this part, the proximal linearized alternating direction method of multipliers (ADMM)
algorithm is applied to solve the subproblem (12). To facilitate the efficient separation of
variables, we introduce matrices Ci , then the augmented Lagrangian function can be written
as:

L (L,D, C, E,
�;Q) := ‖L‖ψ
� + λ1 ‖E‖ψ

1

+
3∑

i=1

(
λ2 ‖Ci‖p

p + 〈Qi ,Gi Di − Ci 〉 + α

2
‖Gi Di − Ci‖2F

)

+ β

2

∥
∥
∥L ×1 D1 ×2 D2 ×3 D3 + E − Y ◦ �0 − 
�̃

∥
∥
∥
2

F
,

(13)
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where D = (D1, D2, D3), C = (C1,C2,C3) and Q = (Q1, Q2, Q3).
For convenience of notation, let Dt

i = (Dt+1
1 , . . . , Dt+1

i−1, Di , Dt
i+1, . . . , D

t
3), D

t
−i =

(Dt+1
1 , . . . , Dt+1

i−1, D
t
i+1, . . . , D

t
3), L × D = L ×1 D1 ×2 D2 ×3 D3 and L ×T D = L ×1

DT
1 ×2DT

2 ×3DT
3 .Using the proximal linearizedADMMframework,we update each variable

in (13) sequentially while keeping the others fixed.

– Computing Lt+1: The subproblem of L is

min
L

‖L‖ψ
� + βh (L) , (14)

where P (L) = L × Dt + E t − Y ◦ �0 − 
�̃t and h (L) = 1
2‖P(L)‖2F . By linearizing

the term h(L) in the objective function of (14) at the current iterate point Lt , Lt+1 can
be solved by the following minimization problem as:

Lt+1 = argmin
L

‖L‖ψ
� + β

〈
P
(
Lt )×T Dt ,L

〉
+ βκ t

2

∥
∥L − Lt

∥
∥2
F + δ

2

∥
∥L − Lt

∥
∥2
F

= argmin
L

‖L‖ψ
� +

〈
βP
(
Lt )×T Dt ,L

〉
+ βκ t + δ

2

∥
∥L − Lt

∥
∥2
F

= argmin
L

‖L‖ψ
� + βκ t + δ

2

∥
∥
∥
∥
∥
L −

(

Lt − βP
(
Lt
)×T Dt

βκ t + δ

)∥
∥
∥
∥
∥

2

F

= Prox 1
βκt+δ

‖·‖ψ
�

(

Lt − βP
(
Lt
)×T Dt

βκ t + δ

)

,

(15)
where δ > 0 and κ t := max{1e-3,∏3

i=1 ‖Dt
i ‖2} is a Lipschitz constant of ∇h(L).

– Computing Dt+1: The subproblem of each Di is

min
Di

〈
Qt

i ,Gi Di − Ct
i

〉+ αt

2

∥
∥Gi Di − Ct

i

∥
∥2
F + β

2

∥
∥
∥Lt+1 × Di + E t − Y ◦ �0 − 
�̃t

∥
∥
∥
2

F

+ δ

2

∥
∥Di − Dt

i

∥
∥2
F ,

which is equivalent to

min
Di

αt

2

∥
∥
∥
∥Gi Di − Ct

i + 1

αt
Qt

i

∥
∥
∥
∥

2

F
+ β

2

∥
∥Di N(i) + M(i)

∥
∥2
F + δ

2

∥
∥Di − Dt

i

∥
∥2
F , (16)

where M = E t − Y ◦ �0 − 
�̃t and N = Lt+1 × Dt
−i . Taking the gradient of the (16)

with respect to Di and setting it to zero, we have
(

αt GT
i Gi + δ

2
I

)

Di+Di

(

βN(i)N
T
(i) + δ

2
I

)

= −GT
i

(
Qt

i − αCt
i

)−βM(i)N
T
(i)−δDt

i .

Then, the optimal solution of Dt+1
i can be obtained, for example by the Matlab function

lyap, i.e.,

Dt+1
i = lyap

(

αt GT
i Gi + δ

2
I , βN(i)N

T
(i) + δ

2
I ,GT

i

(
Qt

i − αCt
i

)+ βM(i)N
T
(i) + δDt

i

)

.

(17)
– Computing Ct+1: The subproblem of each Ci is

min
Ci

λ2 ‖Ci‖p
p + αt

2

∥
∥
∥
∥Gi D

t+1
i − Ci + 1

αt
Qt

i

∥
∥
∥
∥

2

F
+ δ

2

∥
∥Ci − Ct

i

∥
∥2
F . (18)
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By using the proximity operator of pth power of p-norm [38], we get that

Ct+1
i = Prox λ2

αt+δ
‖·‖p

p

(
αt Gi D

t+1
i + Qt

i + δCt
i

αt + δ

)

. (19)

– Computing E t+1: The subproblem of E is

min
E

λ1 ‖E‖ψ
1 + β

2

∥
∥
∥Lt+1 × Dt+1 + E − Y ◦ �0 − 
�̃t

∥
∥
∥
2

F
+ δ

2

∥
∥E − E t

∥
∥2
F

⇔ min
E

λ1 ‖E‖ψ
1 + β + δ

2

∥
∥
∥
∥
∥
∥
E −

β
(
Y ◦ �0 + 
�̃t − Lt+1 × Dt+1

)
+ δE t

β + δ

∥
∥
∥
∥
∥
∥

2

F

.

(20)

Then we get that

E t+1 = Prox λ1
β+δ

‖·‖ψ
1

⎛

⎝
β
(
Y ◦ �0 + 
�̃t − Lt+1 × Dt+1

)
+ δE t

β + δ

⎞

⎠ . (21)

– Computing 
�t+1: The subproblem of 
� is

min

�

β

2

∥
∥
∥Lt+1 × Dt+1 + E t+1 − Y ◦ �0 − 
�̃

∥
∥
∥
2

F
+ δ

2

∥
∥
� − 
�t

∥
∥2
F , (22)

where 
�̃
.= fold3((

∑n3
k=1 Jk
�εkε

T
k )T ). It follows from [21, Theorem 3] that


�t+1 =
n3∑

k=1

(
J Tk Jk + δ I

)−1 (
δ
�t + J Tk BT

(3)

)
εkε

T
k , (23)

where B = Lt+1 × Dt+1 + E t+1 − Y ◦ �0.

Now, we summary the solving algorithm for (12) in Algorithm 2.

Algorithm 2 Proximal linearized ADMM method to solve (12)
Require: Parameters λ1, λ2, β, ρ, δ and function ψ .

Initialize: L0, D0, C0, E0, 
�0, Q0, W0, α0.
while not converge do
Step 1. Update Lt+1 according to (15).
Step 2. Update Dt+1 according to (17).
Step 3. Update Ct+1 according to (19).
Step 4. Update E t+1 according to (21).
Step 5. Update 
�t+1 according to (23).
Step 5. Update Qt+1 and αt+1 according to

Qt+1
i = Qt

i + αt
(
Gi D

t+1
i − Ct+1

i

)
, αt+1 = ραt , i ∈ [3]. (24)

Let t := t + 1 and go to Step 1.
end while

Ensure: Lt+1, Dt+1, E t+1, 
�t+1.

A summary of the proximal mappings utilized in this paper is provided in “Appendix C”,
where the specific functional forms are detailed for reference.
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4.3 Computational Complexity Analysis

Here we analyze the detailed computational complexity of Algorithm 2. At each itera-
tion, updating L involves tensor-matrix product costing O(n1n2n3r123) and Prox‖·‖ψ

�
(·)

costing O(r1r2r3 (log r3 + r12)), where r123 = r1 + r2 + r3 and r12 = min{r1, r2}. For
updating D, we need spend O(

∑3
i=1 n

2
i log ni ) operations to construct matrices {Gi }3i=1,

O(
∑3

i=1 n
3
i ) operations for solving Sylvester equation, and O(n1n2n3r123) operations to

calculate matrix-matrix product. As for the remaining steps, their computation costs can be
ignored since they contain only the basic operations. Thus, the computation complexity of
Algorithm 2 is O(n1n2n3r123 +∑3

i=1 n
3
i ) ≈ O(n1n2n3r123). By comparison, the costs of

�p+ADMM [41], which employ nuclear norm minimization and matrix factorization strat-
egy, is O(n1n2n3

∑3
i=1 ni ) at each iteration. NCALTS [21] considers the transformed TNN

and has the cost O(n1n2n3(min{n1, n2} + n3)). Based on transformed tensor-tensor prod-
uct, TFM-TTP [30] costs at each iteration is O(n1n2n3(r̂ + n3)), where r̂ is the estimated
tensor tubal rank of X . We can observe that our method is more efficient than �p+ADMM
and NCALTS. It is also slightly more efficient than TFM-TTP, which reduces complexity
by replacing min{n1, n2} with r̂ in the first two modes, while the third mode n3 remains
unchanged and thus contributes a larger factor to the cost.

4.4 Convergence Analysis

This subsection is dedicated to the convergence analysis for Algorithm 2. As follows, we
first define some notations for the remainder of this paper.

– T := (T1, T2) with T1 = (L,D, C, E,
�) and T2 = Q;
– 
Lt+1 = Lt+1 − Lt , 
Dt+1 = Dt+1 − Dt , 
Ct+1 = Ct+1 − Ct , 
E t+1 = E t+1 − E t ,


2�t+1 = 
�t+1 − 
�t , 
Qt+1 = Qt+1 − Qt .

We first present a couple of technical lemmas as preparation.

Lemma 1 For the sequence {T t }t∈N+ generated by Algorithm 2, we have

L
(
T t+1)− L

(
T t) ≤ − δ

2

∥
∥
∥
T t+1

1

∥
∥
∥
2

F
+ ρ + 1

2αt

∥
∥
Qt+1

∥
∥2
F . (25)

Proof According to (15), one has

∥
∥Lt+1

∥
∥ψ

� + β
〈∇h

(
Lt ) ,
Lt+1〉+ βκ t

2

∥
∥
Lt+1

∥
∥2
F + δ

2

∥
∥
Lt+1

∥
∥2
F ≤ ∥∥Lt

∥
∥ψ

� ,

combining which with

h
(
Lt+1)− h

(
Lt ) ≤ 〈∇h

(
Lt ) ,
Lt+1〉+ κ t

2

∥
∥
Lt+1

∥
∥2
F ,

we obtain

L
(
Lt+1,Dt , Ct , E t ,
�t ; T t

2

) ≤ L
(
Lt ,Dt , Ct , E t ,
�t ; T t

2

)− δ

2

∥
∥
Lt+1

∥
∥2
F . (26)
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Given that Dt+1, Ct+1, E t+1, and 
�t+1 are the minimizers of (16), (18), (20), and (22),
respectively, we can deduce that

L

(
Lt+1,Dt+1, Ct , E t ,
�t ; T t

2

)
≤ L

(
Lt+1,Dt , Ct , E t ,
�t ; T t

2

)
− δ

2

∥
∥
∥
Dt+1

∥
∥
∥
2

F
,

L

(
Lt+1,Dt+1, Ct+1, E t ,
�t ; T t

2

)
≤ L

(
Lt+1,Dt+1, Ct , E t ,
�t ; T t

2

)
− δ

2

∥
∥
∥
Ct+1

∥
∥
∥
2

F
,

L

(
Lt+1,Dt+1, Ct+1, E t+1,
�t ; T t

2

)
≤ L

(
Lt+1,Dt+1, Ct+1, E t ,
�t ; T t

2

)
− δ

2

∥
∥
∥
E t+1

∥
∥
∥
2

F
,

L

(
Lt+1,Dt+1, Ct+1, E t+1,
�t+1; T t

2

)
≤ L

(
Lt+1,Dt+1, Ct+1, E t+1,
�t ; T t

2

)
− δ

2

∥
∥
∥
2�t+1

∥
∥
∥
2

F
.

Combining this with (26) gives

L

(
T t+1
1 ; T t

2

)
≤ L

(
T t
1 ; T t

2

)− δ

2

∥
∥
∥
T t+1

1

∥
∥
∥
2

F
. (27)

By the Q update in (24), we have

L

(
T t+1
1 ; T t+1

2

)
= L

(
T t+1
1 ; T t

2

)
+ αt+1 + αt

2 (αt )2

∥
∥
Qt+1

∥
∥2
F

= L

(
T t+1
1 ; T t

2

)
+ ρ + 1

2αt

∥
∥
Qt+1

∥
∥2
F .

Combining this with (27), we have

L
(
T t+1)− L

(
T t) ≤ − δ

2

∥
∥
∥
T t+1

1

∥
∥
∥
2

F
+ ρ + 1

2αt

∥
∥
Qt+1

∥
∥2
F , (28)

which completes the proof. ��
Lemma 2 Assume that the sequence {T t

1 }t∈N+ generated by Algorithm 2 is bounded. Then
the following statements hold:

(i) The sequence {T t }t∈N+ is bounded.
(ii) limt→+∞ 
T t+1

1 = 0.

Proof (i) We only need to prove that the sequence {T t
2 }t∈N+ , specifically {Qt

i }t∈N+ for all
i ∈ [3], is bounded. By first-order necessary optimality condition of (18), one has

0 ∈ λ2∂

∥
∥
∥Ct+1

i

∥
∥
∥
p

p
+ αt

(

Ct+1
i − Gi D

t+1
i − 1

αt
Qt

i

)

+ δ
(
Ct+1
i − Ct

i

)

= λ2∂

∥
∥
∥Ct+1

i

∥
∥
∥
p

p
− Qt+1

i − δ
(
Ct+1
i − Ct

i

)
,

(29)

where the last equality follows from (24). Given the above equation and the boundedness of
{Ct

i }t∈N+ , it remains to show that ∂‖Ct+1
i ‖p

p is also bounded. We analyze this in three cases:
Case 1. p ∈ (0, 1). In order to overcome the singularity of (|x |p)′ = p sign(x)/|x |1−p

near ∞ as x near 0, we consider for 0 < ε � 1 the approximation:

(|x |p)′ ≈ p sign(x)

max
{
ε1−p, |x |1−p

} .

Thus, ‖∂‖Ct+1
i ‖p

p‖F ≤ ni (ni − 1)ri p/(2ε1−p) is bounded.
Case 2. p = 1. ‖∂‖Ct+1

i ‖p
p‖F ≤ ni (ni − 1)ri/2 is bounded since |∂|x || ≤ 1.

Case 3. p ∈ (1, 2]. ‖∂‖Ct+1
i ‖p

p‖F =∑m1,m2
p|Ct+1

i (m1,m2)|p−1 is bounded sinceCt+1
i

is bounded.
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Combining all cases, we conclude that ∂‖Ct+1
i ‖p

p is indeed bounded. This completes the
proof of result (i) in this lemma.

(i i) By summing up (25) from t = 1 to some T ≥ 1, we notice that

δ

2

T∑

t=1

∥
∥
∥
T t+1

1

∥
∥
∥
2

F
≤ L

(
T 1)− L

(
T T+1

)
+

T∑

t=1

ρ + 1

2αt

∥
∥
Qt+1

∥
∥2
F . (30)

Given that {Qt }t∈N+ is bounded, there exists a constant M > 0 such that max{‖
Qt‖F ,

‖Qt‖F } ≤ M holds for any t . Observing that αt = ραt−1 = . . . = ρt−1α1, we have

T∑

t=1

ρ + 1

2αt

∥
∥
Qt+1

∥
∥2
F ≤ M2

T∑

t=1

ρ + 1

2αt

≤ M2
+∞∑

t=1

ρ + 1

2αt
= M2

+∞∑

t=1

ρ + 1

2ρt−1α1 = ρ(ρ + 1)M2

2α1(ρ − 1)
. (31)

Recalling the expression for L
(
T t
)
, we get

L
(
T t) = ∥∥Lt

∥
∥ψ

� + λ1
∥
∥E t
∥
∥ψ

1

+
3∑

i=1

(

λ2
∥
∥Ct

i

∥
∥p
p + αt

2

∥
∥
∥
∥Gi D

t
i − Ct

i + Qt
i

αt

∥
∥
∥
∥

2

F
−
∥
∥Qt

i

∥
∥2
F

2αt

)

+ βh
(
Lt)

≥ −
3∑

i=1

∥
∥Qt

i

∥
∥2
F

2αt
≥ −3M2

2α1 .

(32)

By combining inequalities (30), (31), and (32), we obtain

δ

2

T∑

t=1

∥
∥
∥
T t+1

1

∥
∥
∥
2

F
≤ L

(
T 1)+ 3M2

2α1 + ρ(ρ + 1)M2

2α1(ρ − 1)
.

Taking the limit asT → +∞ in the above inequality,we conclude that
∑+∞

t=1 ‖
T t+1
1 ‖2F ≤

+∞. This implies that limt→+∞ 
T t+1
1 = 0, thus completing the proof of this statement. ��

In terms of the convergence of Algorithm 2 for problem (11), we have the following main
results.

Theorem 4 Let {T t }t∈N+ be a sequence generated by Algorithm 2. Suppose that the sequence
{T t

1 }t∈N+ is bound. Then any accumulation point of the sequence {T t }t∈N+ is a Karush–
Kuhn–Tucker (KKT) point of the optimization problem (12).

Proof The proof proceeds as follows:
Step 1: Convergence of the sequence {T t }t∈N+ . Since {T t }t∈N+ is bounded, which is

proved in Lemma 2-(i), there exists a subsequence of {T t }t∈N+ (also denoted by {T t }t∈N+
for simplicity) and T � such that limt→+∞ T t = T �.

Step 2: Feasibility of T �. According to the dual update scheme in (24), one has

lim
t→+∞

∥
∥
∥Gi D

t+1
i − Ct+1

i

∥
∥
∥
F

= lim
t→+∞

1

αt

∥
∥
∥Qt+1

i − Qt
i

∥
∥
∥
F

= 0. (33)

This follows that limt→+∞(Gi D
t+1
i − Ct+1

i ) = 0, and thus Gi D�
i = C�

i for i ∈ [3]. This
indicates that this accumulation point can satisfy the feasible conditions of (12).

123



   68 Page 16 of 31 Journal of Scientific Computing           (2025) 102:68 

Step 3: First-order optimality conditions. For the L-subproblem, the first-order opti-
mality condition states that

0 ∈ ∂
∥
∥Lt+1

∥
∥ψ

� + β∇h
(
Lt )+ (βκ t + δ

) (
Lt+1 − Lt ) , (34)

combining which with limt→+∞ Lt+1 − Lt = 0, we obtain

0 ∈ ∂
∥
∥L�

∥
∥ψ

� + β∇h
(
L�
)
. (35)

For the D-subproblem, the first-order optimality condition states that

0 ∈ αt GT
i

(

Gi D
t+1
i − Ct

i + 1

αt
Qt

i

)

+β
(
Dt+1
i N(i) + M(i)

)
NT

(i)+δ
(
Dt+1
i − Dt

i

)
, (36)

whereM = E t −Y ◦ �0 − 
�̃t andN = Lt+1 ×Dt
−i . Due to (24) and Lemma 2-(i i), one

has

lim
t→+∞ αt GT

i

(

Gi Di − Ct
i + 1

αt
Qt

i

)

= lim
t→+∞GT

i Q
t
i + αt

(
Gi D

t+1
i − Ct

i

)

= lim
t→+∞GT

i Q
t
i + αt

(
Gi D

t+1
i − Ct+1

i

)
= lim

t→+∞GT
i Q

t
i +
(
Qt+1

i − Qt
i

)
= GT

i Q
�
i .

(37)
Recalling Lemma 2-(i i) and invoking (36), (37), we see that

0 ∈ GT
i Q

�
i + β

(

D�
i

(
L� × D�−i

)
(i) +

(
E� − Y ◦ �0 − 
�̃�

)

(i)

)
(
L� × D�−i

)T
(i) . (38)

For the C-subproblem, the first-order optimality condition states that

0 ∈ λ2∂

∥
∥
∥Ct+1

i

∥
∥
∥
p

p
+ αt

(

Ct+1
i − Gi D

t+1
i − 1

αt
Qt

i

)

+ δ
(
Ct+1
i − Ct

i

)
, (39)

combining which with (24) and Lemma 2-(i i), we can easily observe that

0 ∈ λ2∂
∥
∥C�

i

∥
∥p
p − Q�

i . (40)

For the E-subproblem, the first-order optimality condition states that

0 ∈ λ1∂
∥
∥E t+1

∥
∥ψ

1 + β
(
Lt+1 × Dt+1 + E t+1 − Y ◦ �0 − 
�̃t

)
+ δ

(
E t+1 − E t) . (41)

Letting t → +∞ in (41) and by Lemma 2-(i i), we obtain

0 ∈ λ1∂
∥
∥E�
∥
∥ψ

1 + β
(
L� × D� + E� − Y ◦ �0 − 
�̃�

)
. (42)

For the 
�-subproblem, the first-order optimality condition states that

0 ∈ β

2
∂

∥
∥
∥
∥
∥
∥
Lt+1 × Dt+1 + E t+1 − Y ◦ �0 − fold3

⎛

⎝

(
n3∑

k=1

Jk
�t+1εkε
T
k

)T
⎞

⎠

∥
∥
∥
∥
∥
∥

2

F

+δ
(

�t+1 − 
�t ) . (43)

Let t → +∞, we obtain that

0 ∈ β

2
∂

∥
∥
∥
∥
∥
∥
L� × D� + E� − Y ◦ �0 − fold3

⎛

⎝

(
n3∑

k=1

Jk
��εkε
T
k

)T
⎞

⎠

∥
∥
∥
∥
∥
∥

2

F

. (44)
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Step 4: Conclusion. So, by Gi D�
i = C�

i for i ∈ [3], (35), (38), (40), (42) and (44), we
have that T � is a KKT point of (12). ��

5 Experiments

In this section, experiments are conducted to evaluate the performance of the proposed
algorithm on a server with an Intel Core i5-12500H CPU (2.60 GHz) and 16G memory. The
codes of all algorithms are implemented on MATLAB 2022a without any preprocessing for
fairness. As a comparison, we use some general methods in the experiments, such as three
low rank matrix based methods (i.e., RASL [16], t-GRASTA [6], NQLSD [2]) and three low
rank tensor based methods (i.e., �p+ADMM [41], NCALTS [21], TFM-TTP [30]).

In all experiments, we randomly initialized L andD using the matlab command “ randn ",
and assigned Gi Di to Ci for i ∈ [3], while the rest of the variables were assigned to corre-
sponding zero tensors or zeromatrices.We describe the parameter settings of our experiments
in Subsection 5.3. To ensure the fairness of our results, we run our algorithm 10 times and
take the average. We use Algorithm 1 and Algorithm 2 with different stopping criteria and
maximum number of iterations. For Algorithm 1, we stop when ‖Ld+1 − Ld‖∞ ≤ tol
and ‖Dd+1

i − Dd
i ‖∞ ≤ tol for i ∈ [3], or when the number of iterations reaches 60.

For Algorithm 2, we stop when ‖Lt+1 × Dt+1 + E t+1 − Y ◦ �0 − 
�̃t+1‖∞ ≤ tol and
‖Gi D

t+1
i − Ct+1

i ‖∞ ≤ tol for i ∈ [3], or when the number of iterations reaches 300. We
conduct our experiments using the MCP function as ψ and setting tol = 5e-3 for all cases.
In the case of noise, we choose p = 1, while in the case of no noise, we choose p = 2. As
for the compared methods, their parameters are manually tuned for best performances.

5.1 Image Alignment

5.1.1 AR Face Database

In this part, to evaluate our methods, we conduct image alignment on AR Face database1

[15]. The dataset consists of more than 4,000 color photos of 126 individuals’ faces (70males
and 56 females). The photos show frontal views of faces with various expressions, lighting
conditions, and occlusions (such as sunglasses and scarves). We choose 8 clear and well-
aligned images of the subjectw-039 and then resize these images to 80×60 as the ground-truth
images. We apply Euclidean transformations to each image to generate 20 images with
different angles of rotation and translations. The angles of rotation are uniformly distributed
in the range [−2.5, 2.5] degrees. The x- and y-translations are uniformly distributed in
the range [−1, 1]. We then add either 10%-20% salt-and-pepper impulse noise to the 160
transformed images.We crop the central 50×40 region of each face image to form a tensorY
of size 50× 40× 160 for each group of generated images. To achieve an accurate evaluation
of the proposed method, the peak signal-to-noise ratio (PSNR) [28], the structural similarity
index (SSIM) [28] and the recovery computation time are employed.

Table 1 gives the quantitative metrics and running time (s) of the results by different meth-
ods with salt-and-pepper impulse noise at different levels. We can find that the capabilities
of RASL, t-GRASTA, and NQLSD are limited and this phenomenon accords with the visual
results shown in Fig. 1 and 2. The effectiveness of these three methods is severely affected

1 http://www2.ece.ohio-state.edu/~aleix/ARdatabase.html
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Fig. 1 Image alignment sample of AR Face database. For better visualization, we show the error map (differ-
ence from the original) of the second row in the last row

Fig. 2 Image alignment sample of AR Face database under 10% salt-and-pepper impulse noise. For better
visualization, we show the error map (difference from the original) of the second row in the last row
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Table 1 PSNR, SSIM values and running time in seconds of the result by different methods for the AR Face
database with salt-and-pepper impulse noise at different levels

Methods PSNR SSIM Time (s)
0 10% 20% 0 10% 20% 0 10% 20%

RASL 23.31 22.62 21.13 0.9921 0.9913 0.9886 15.15 20.55 21.13

t-GRASTA 21.13 20.55 19.96 0.9866 0.9849 0.9839 35.53 35.35 34.28

NQLSD 23.20 23.18 21.85 0.9923 0.9923 0.9901 11.69 13.91 23.69

�p+ADMM 24.65 23.34 21.34 0.9928 0.9924 0.9887 21.48 26.62 27.19

NCALTS 24.27 23.58 22.18 0.9933 0.9925 0.9905 20.10 23.38 24.56

TFM-TTP 24.79 24.04 22.36 0.9940 0.9933 0.9909 15.51 14.92 14.65

DTDL 26.26 24.77 23.04 0.9961 0.9946 0.9924 7.92 19.04 22.77

by matrixization, which destroys the internal structure of the data. �p+ADMM, NCALTS
and TFM-TTP achieve better metrics, but their performance is still unsatisfactory due to
their inability to exploit the spatial and temporal patterns of the data. We also notice that
�p+ADMM is most affected by the level of salt-and-pepper noise; NCALTS and TFM-TTP
result in some originally closed mouths in face images being restored as open mouths due
to excessive use of low rank approximations. The visual quality of our DTDL outperforms
that of other methods, especially for the teeth. They appear more distinct and realistic than
those recovered by other methods, as evidenced in the last row. Correspondingly, we can see
from Table 1 that our method DTDL achieves the best PSNR and SSIM values. Specifically,
in the noise-free case, our method DTDL obtains a PSNR value about 1.47db higher than
the second best method, and in the noisy case, our method DTDL obtains a PSNR value
about 0.68db higher than the second best method. In terms of computational time, although
DTDL exhibits slightly longer runtime in the presence of salt-and-pepper noise, it performs
nearly twice as fast as TFM-TTP and significantly outperforms NCALTS and �p+ADMM
in noise-free conditions. Given the substantial improvements in PSNR and SSIM, the minor
increase in runtime under salt-and-pepper noise is a reasonable trade-off for the enhanced
image quality and structural similarity.

5.1.2 AI Gore Talking Database

In this part, we evaluate our method on the widely used AI Gore talking database [16]. The
dataset contains 140 face images that vary in size, alignment, and quality due to changes
in pose and illumination. We preprocess the images by cropping them to 80 × 60 pixels
and centering them on the facial regions. The resulting testing tensor for this dataset has a
dimension of 80 × 60 × 140.

We present the alignment results and the corresponding running times of different algo-
rithms under two scenarios: noise-free and 10% salt-and-pepper impulse noise, in Figs. 3 and
4, respectively. Figure3 shows the alignment results for the noise-free case. RASL failed to
align the images well, especially in the first row, where the face images are slightly tilted to
the right. t-GRASTA aligned the images better, but some facial details were lost, such as the
closedmouth in the fourth row that was recovered as open, and the largemouth opening in the
third row that was recovered as smaller. This is a drawback of pursuing low rank excessively.
NQLSD, �p+ADMM, NCALTS and TFM-TTP achieved relatively better alignment effects,
but they also had some minor flaws. NQLSD and NCALTS lost some details of the mouth
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Fig. 3 Image alignment sample of AI Gore talking database

Fig. 4 Image alignment sample of AI Gore talking database under 10% salt-and-pepper impulse noise

area of the aligned face images, while �p+ADMM and TFM-TTP had a longer running time.
Our method DTDL obtained a high-quality alignment result and had a fast running speed.
Figure4 shows the alignment results for the 10% salt-and-pepper impulse noise case. RASL
and t-GRASTA had the same defects as in the noise-free case. NQLSD and �p+ADMM,
which performed well in the noise-free image alignment, performed poorly in the noisy
image alignment, especially �p+ADMM, which not only failed to align the images but also
introduced a lot of noise. NCALTS had a similar alignment effect in the noisy case as in the
noise-free case, except that the aligned images were slightly tilted to the right. Images aligned
using TFM-TTP become overly bright, resulting in the loss of facial details. The noise did
not affect our method DTDL much, except for some loss of details. In the presence of noise,
our method DTDL showed more prominent advantages in terms of alignment quality and
running time.

5.1.3 Handwritten Digits Database

In this part, we assess our method using the widely recognizedMNIST database of handwrit-
ten digits.2 For our evaluation, we specifically focus on the handwritten digit “3".We selected
100 images, each with a resolution of 28 × 28 pixels, resulting in a tensor of dimensions
28 × 28 × 100.

Figure5 illustrates the alignment results and the corresponding running times of various
algorithms under noise-free conditions. Unlike regular grayscale images, handwritten digits
contain non-zero values only where the digits are present, with all other pixels being zero,
which results in strong spatial correlation. However, due to the varying shapes of the digits,
the temporal correlation is relatively weak. Imposing low rank constraints alone often leads
to significant loss of details, such as font thickness and shape, after alignment. This issue
is particularly evident in algorithms like RASL, t-GASTA, NCALTS, and TFM-TTP, where
the aligned images tend to look very similar, especially with TFM-TTP. On the other hand,
methods such as NQLSD, �p+ADMM, and our proposed DTDLmaintain more details of the

2 https://yann.lecun.com/exdb/mnist/
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Fig. 5 Image alignment sample of handwritten digits “3” database

digits. Among these three methods, our DTDLmethod has the shortest runtime. In summary,
our proposed method not only improves efficiency but also produces better alignment results.

5.2 Face Recognition

In this subsection, we compare the performance of the algorithms for some face recognition
tasks with salt-and-pepper impulse noise. We use two data sets for face recognition, which
are described as follows:

• ORL database.3 This is a widely used data set of face images, containing 400 images
of 40 different persons, with 10 images per person. Due to the computational limitation,
we resize each image to 40 × 40 pixels. For each person, we select the first 5 images as
training samples, and the rest as testing samples.

• UMIST Face database.4 This consists of 564 images of 20 people, each covering a range
of poses from profile to frontal views. In the experiments, we choose the first 20 images
per person, and resize each image to 40 × 40. For each person, the numbers of training
and testing samples are both 10.

We apply Euclidean transformations to each imagewith a randomly selected angle of rotation
from the range [−2.5, 2.5] degrees, and then add 10% salt-and-pepper impulse noise.

To illustrate the process of face recognition, we present a flowchart in Fig. 6, which can
be summarized as follows:

Step 1 We apply the six algorithms to recover the low rank structure from the corrupted
images.

Step 2 We use the principal component analysis (PCA) on the recovered images to obtain
the feature matrix P .

Step 3 We project the original training samples and testing samples onto the feature matrix
P to obtain Tp and Ep .

Step 4 We use the sparse representation classification (SRC) [29] algorithm on Tp and Ep

to obtain the recognition accuracies of the testing samples.

The recognition accuracies on the two datasets are shown in Fig. 7, fromwhich we can see
that our proposed method DTDL achieves the best performance in most cases, and outper-
forms the other five methods in terms of accuracy and robustness. Specifically, our proposed
methodDTDL improves the accuracy by about 4% compared to the second bestmethodwhen
the number of principal components is greater than or equal to 40. Moreover, our proposed
methodDTDL is robust to the number of principal components, as its accuracy remains stable
at a high level, while the accuracies of other methods vary with some fluctuations, except for
RASLwhich consistently has a low accuracy. Therefore, our method demonstrates a superior
performance for face recognition.

3 https://www.kaggle.com/datasets/kasikrit/att-database-of-faces
4 https://www.visioneng.org.uk/datasets/
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Fig. 6 Flowchart of face recognition

Fig. 7 The contrast results on the two face datasets

Table 2 The result of paired t-test of p-values for comparison of recognition accuracies between DTDL and
other methods on the ORL database

Comparison RASL t-GRASTA NQLSD �p+ADMM NCALTS TFM-TTP

p-value 1.8628 × 10−5 3.9808 × 10−5 4.3966 × 10−4 0.0026 0.0271 0.0148

A statistical test was conducted to quantitatively compare the performance differences
among various methods [12]. The grouped cross-validation paired t-test was employed to
compare the recognition accuracy of DTDL against six other methods, with a significance
level set at 0.05. A p-value of less than 0.05 indicates a significant difference between the two
methods. As shown in Table 2, the p-values for comparisons between DTDL and the other
methods are all less than 0.05. These results demonstrate that the performance differences
between DTDL and the other methods are statistically significant.

5.3 Discussions

In this part, we first discuss the effects of low rank coding and generalized hyper-Laplacian
regularization. Next, the influence of different parameters is analyzed. We then explore
the convergence behavior of our proposed algorithm with randomly selected initial values.
Finally, the limitations and potential failure cases of the proposed approach are discussed.
All tests are based on the AR Face database.
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Table 3 PSNR, SSIM values and running time in seconds of the result by DTDL under different coefficient
tensor codings with salt-and-pepper impulse noise at different levels

Coding versions PSNR SSIM Time (s)
0 10% 20% 0 10% 20% 0 10% 20%

‖L‖
�
ψ
1

24.44 24.41 22.56 0.9924 0.9939 0.9914 31.61 38.99 32.78

‖L‖
�
ψ
1,1,2

25.92 24.41 22.73 0.9956 0.9941 0.9919 10.81 14.93 25.58

‖L‖ψ
� 26.26 24.77 23.04 0.9961 0.9946 0.9924 7.92 19.04 22.77

Table 4 PSNR, SSIM values and running time in seconds of the result by DTDL under different regularization
of dictionary with salt-and-pepper impulse noise at different levels

Regularization versions PSNR SSIM Time (s)

0 10% 20% 0 10% 20% 0 10% 20%

Non-regularized 24.33 24.21 22.60 0.9937 0.9937 0.9917 27.35 39.71 24.94

Total variation (TV) 21.30 19.96 18.48 0.9860 0.9821 0.9776 21.38 21.82 24.39

Hyper-Laplacian 26.26 24.32 22.43 0.9961 0.9940 0.9913 7.92 16.06 14.81

Generalized hyper-Laplacian 26.26 24.77 23.04 0.9961 0.9946 0.9924 7.92 19.04 22.77

5.3.1 Model Analysis

(1) Effects of low rank coding used in the DTDL We evaluate the impact of low rank
coding on the proposed DTDL by comparing it under different coding versions, includ-
ing ‖L‖�1 = ∑

i jk |Li jk | and ‖L‖�1,1,2 = ∑
i j ‖L (i, j, :) ‖F . For a fair comparison, we

replace the above two coefficient tensor norms with their corresponding nonconvex versions:
‖L‖

�
ψ
1

= ∑
i jk ψ(|Li jk |) and ‖L‖

�
ψ
1,1,2

= ∑
i j ψ(‖L(i, j, :)‖F ). Table 3 lists the average

recovery PSNR, SSIM values and the corresponding average running times by DTDL under
different coefficient tensor codings with salt-and-pepper impulse noise at different levels.
The proposed low rank coding can be seen to achieve the best performance. Therefore, we
suggest exploiting the low rankness of L to improve the performance.

(2) Effects of generalized hyper-Laplacian regularization used in the DTDLWe eval-
uate the impact of generalized hyper-Laplacian regularization on the proposed DTDL by
comparing it under different regularization versions, including non-regularized, total vari-
ation (TV) regularization, and hyper-Laplacian regularization, as shown in Table 4. Table
4 shows that TV regularization has the worst performance. In the noise-free case, we set
p = 2 in DTDL, and the generalized hyper-Laplacian regularization reduces to hyper-
Laplacian regularization, resulting in the same performance for both methods. In the noisy
case, we set p = 1 in DTDL, and the generalized hyper-Laplacian regularization outper-
forms hyper-Laplacian regularization, especially at higher noise levels. In comparison to the
non-regularized version, generalized hyper-Laplacian regularization not only demonstrates
improved numerical performance but also significantly reduces running time. Therefore,
we recommend using the generalized hyper-Laplacian regularization to enhance the perfor-
mance.
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Fig. 8 Surfaces of average PSNR, SSIM values and running time in seconds of the result by our method with
different λ1 and λ2

5.3.2 Parameter Analysis

There are two regularization parametersλ1, λ2 and six algorithmparametersβ, α, δ, r1, r2, r3
that need to bemanually set tomake the algorithm achieve optimal performance. InAlgorithm
2, we initialize α as 5e-3 and increase it gradually as the iteration progresses. To ensure that
α approaches infinity, we multiply it by 1.2 at the 15th, 20th, and 25th iterations, and by 5 at
every iteration from the 30th iteration onwards, until the convergence condition is met. For
both δ and β, we use the same iteration method as for α, except that we fix δ at its maximum
value of 1e-5 when it reaches this limit, and we fix β at its maximum value of 1e10 when it
reaches this limit. The parameter (r1, r2, r3) affects the recovery performance for different
image datasets, and we select it to achieve the best recovery results in the experiments.

The following provides a general guideline for determining r1, r2, and r3: The first two
dimensions of the original tensor encode the spatial information of the images. When n1
and n2 are relatively small, indicating limited spatial information, choosing larger values for
r1 and r2-potentially exceeding n1 and n2-can better preserve this information. Conversely,
when n1 and n2 are large, smaller values for r1 and r2 are sufficient to maintain the spatial
structure. The third dimension of the tensor corresponds to the collection of images and is
typically large. However, as these images are often similar, r3 can be set significantly smaller
than n3.

The performance is compared for different values of λ1 and λ2. λ1 is testedwith candidates
{1e - 4, 5e - 4, 1e - 3, 5e - 3, 1e - 2, 5e - 2, 1e - 1, 5e - 1, 1} while λ2 varies from 0 to 40 with
a step size 5. As shown in Fig. 8, the algorithms perform well over a wide range of values of
λ1 and λ2. Specifically, when λ1 ≤ 1e - 2, the PSNR and SSIM values for λ2 > 0 are not
only relatively stable, but also work well, and higher than the PSNR and SSIM values for
λ2 = 0. This indirectly demonstrates the effectiveness of the generalized hyper-Laplacian
regularizationwe proposed. In terms of time consumption, when λ1 ∈ [5e - 3, 1e - 1], λ2 > 0,
the algorithm runs faster, and is basically stable at around 10s. Based on this analysis, we
set λ1 = 5e-3 and λ2 = 20 in this article.

5.3.3 Analysis of Convergence with Random Initializations

We also examined the robustness of our proposed algorithm with randomly selected initial
values for L and D in terms of convergence behavior. Figure 9 presents the relative change
of �, X = L ×1 D1 ×2 D2 ×3 D3, P = [E(:);
�(:)], and PSNR with respect to iteration
numbers for different random initializations. Our algorithm includes outer iterations (denoted
as d) and inner iterations (denoted as t). According to the results in the figure, there are three
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Fig. 9 Comparing iteration behaviors of DTDL in different random initializations. The relative change of �,
X = L ×1 D1 ×2 D2 ×3 D3, P = [E(:);
�(:)], and PSNR are plotted

Fig. 10 Image alignment results by DTDL

outer iterations, each consisting of approximately 30 inner iterations. The first figure shows
the convergence behavior of � during the outer iterations, with its relative change decreasing
as the number of outer iterations d increases, indicating convergence. The second and third
figures display the convergence behaviors ofX andP , respectively,with both relative changes
decreasing gradually during each cycle of inner iterations within the outer iterations. The
fourth figure illustrates the change in PSNR, combining inner and outer iterations, with the
PSNR trend increasing throughout the iterations, indicating improved image reconstruction
quality. Overall, our algorithmdemonstrates consistent convergence behavior across different
random initializations, highlighting its robustness.
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5.3.4 Analysis of Limitations and Failure Cases

In Sect. 5.1.3, we performed image alignment for handwritten digits “3". While our method
outperforms others, it still has some flaws. As observed in Fig. 10, these can be explained in
two aspects: firstly, some digits are not perfectly aligned, as indicated by the red boxes in
X , although they are slightly better aligned compared to the original images; secondly, from
E , we can see that a significant number of digits still have minor details missing. Therefore,
when encountering a dimension with poor correlation, directly applying our model would
not yield ideal results. Instead, it is necessary to develop corresponding regularization based
on the characteristics of that dimension and fine-tune the model to achieve better outcomes.

6 Conclusions and FutureWork

This paper proposes a novel data-driven tensor dictionary learning (DTDL) model for image
alignment, which reduces the dimensionality and complexity of the problem by factorizing
the underlying third order tensor into a coefficients tensor and three dictionary matrices of
smaller sizes. Moreover, the proposed model incorporates the generalized hyper-Laplacian
regularization to preserve the local structures that are embedded in the underlying tensor and
represented by the dictionary framework, which further enhances the alignment performance.
We also develop an efficient algorithm for solving the proposed model and analyze its con-
vergence properties. Extensive experiments on image alignment and face recognition tasks
show that our method outperforms most of the state-of-the-art image alignment methods in
terms of both accuracy and speed.

In real-world scenarios, high levels of noise can present substantial challenges in accu-
rately calculating the generalized hyper-Laplacian matrix. To overcome this limitation, our
future work will concentrate on developing effective preprocessing steps aimed at mitigating
noise. Specifically, incorporating robust denoising techniques prior to the computation of the
generalized hyper-Laplacian matrix will be explored to enhance the accuracy and reliability
of the results.

A Appendix: Proof of Theorem 1

Proof Suppose that (L1, D1
i , E1, �1) and (X 2, E2, �2) are the optimal solution tuples of

problems (7) and (8), respectively. Let X 1 = L1 ×1 D1
1 ×2 D1

2 ×3 D1
3, we first prove that

3∑

i=1

rank
(
L1

(i)

)
=

3∑

i=1

rank
(
X1

(i)

)
. (45)

Using the expression of X 1, we have rank(X1
(i)) ≤ rank(L1

(i)) for i ∈ [3]. Hence,

3∑

i=1

rank
(
L1

(i)

)
≥

3∑

i=1

rank
(
X1

(i)

)
. (46)
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Let X 1 = H1 ×1 U 1
1 ×2 U 1

2 ×3 U 1
3 be an orthogonal Tucker decomposition. Define H̄1 and

Ū 1
i with their entries as follows:

H̄1
j1 j2 j3 =

{
H1

j1 j2 j3
ji ≤ ri ,

0 otherwise ,
Ū 1
i (:, j) =

{
U 1
i (:, j) j ≤ ri ,

0 otherwise,
i ∈ [3]. (47)

By direct computation, we have X 1 = H̄1 ×1 Ū 1
1 ×2 Ū 1

2 ×3 Ū 1
3 with

rank
(
X1

(i)

)
= rank

(
H̄1

(i)

)
(48)

for i ∈ [3]. Clearly, (H̄1, Ū 1
i , E1, �1) is a feasible solution tuple of (7), and hence

3∑

i=1

rank
(
L1

(i)

)
+ λ1R2

(
E1) ≤

3∑

i=1

rank
(
H̄1

(i)

)
+ λ1R2

(
E1) ,

combining which with (46) and (48), we obtain (45).
From orthogonal Tucker decomposition and (47), there exist L2 ∈ R

r1×r2×r3 and D2
i ∈

Rni×ri , i ∈ [3] such that X 2 = L2 ×1 D2
1 ×2 D2

2 ×3 D2
3 and

rank
(
X2

(i)

)
= rank

(
L2

(i)

)
(49)

for i ∈ [3]. Obviously, such (L2, D2
i , E2, �2) is a feasible solution tuple of (7). Hence we

have
3∑

i=1

rank
(
L1

(i)

)
+ λ1R2

(
E1) ≤

3∑

i=1

rank
(
L2

(i)

)
+ λ1R2

(
E2)

=
3∑

i=1

rank
(
X2

(i)

)
+ λ1R2

(
E2) ,

(50)

where the equality comes from (49). On the other hand, one has

3∑

i=1

rank
(
X2

(i)

)
+ λ1R2

(
E2) ≤

3∑

i=1

rank
(
X1

(i)

)
+ λ1R2

(
E1)

=
3∑

i=1

rank
(
L1

(i)

)
+ λ1R2

(
E1) ,

(51)

where the inequality follows from (X 2, E2, �2) being an optimal solution tuple of problem
(8) and (X 1, E1, �1) being a feasible solution of (8), the equality uses (45).

Hence
3∑

i=1

rank
(
L1

(i)

)
+ λ1R2

(
E1) =

3∑

i=1

rank
(
X2

(i)

)
+ λ1R2

(
E2)

and the equivalence between problem (7) and problem (8) is established now. From the above
procedure, (X 1, E1, �1) is an optimal solution of (8) and (L2, D2

i , E2, �2) is an optimal
solution tuple of (7). This completes the proof. ��
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B Appendix: Proof of Theorem 2

Proof Suppose that (L1, D1
i , E1, �1) and (X 2, E2, �2) are the optimal solution tuples of

problems (7) and (9), respectively. Let X 1 = L1 ×1 D1
1 ×2 D1

2, we first prove that

rankt
(
L1) = rankt

(
X 1) . (52)

It is known that [37, Lemma 2] there exists D1
1 and D1

2 such that X 1 = D1
1 ∗L1 ∗D1

2, which
together with [45, Lemma 2] implies that rankt (L1) ≥ rankt (X 1). LetX 1 = H1×1U 1

1 ×2U 1
2

be an orthogonal Tucker2 decomposition. Recalling [37, Lemma 2] again, we obtain X 1 =
U1
1 ∗ H1 ∗ U1

2 with

(
U 1
1

)(1) = U 1
1 ,
(
U 1
1

)(2) = 0, . . . ,
(
U 1
1

)(n3) = 0,
(
U 1
2

)(1) = (U 1
2

)T
,
(
U 1
2

)(2) = 0, . . . ,
(
U 1
2

)(n3) = 0.

It is clear to see that (U1
1 )H ∗ U1

1 = I and U1
2 ∗ (U1

2 )H = I, which leads to H1 = (U1
1 )H ∗

X 1 ∗ (U1
2 )H . Recalling [45, Lemma 2] again, we obtain rankt (H1) = rankt (X 1). Define H̄1

and Ū 1
i with their entries as follows:

H̄1
j1 j2 j3 =

{
H1

j1 j2 j3
ji ≤ ri ,

0 otherwise ,
Ū 1
i (:, j) =

{
U 1
i (:, j) j ≤ ri ,

0 otherwise,
i ∈ [2]. (53)

By direct computation, one has X 1 = H̄1 ×1 Ū 1
1 ×2 Ū 1

2 and rankt (H1) = rankt (H̄1). Thus,
we have rankt (X 1) = rankt (H̄1). Clearly, (H̄1, Ū 1

i , E1, �1) is a feasible solution tuple of
(7), and hence

rankt
(
L1)+ λ1R2

(
E1) ≤ rankt

(
H̄1)+ λ1R2

(
E1) = rankt

(
X 1)+ λ1R2

(
E1) .

Therefore, the above analysis ensures rankt (L1) = rankt (X 1).
Then, using similar ways in the proof for Theorem 1 above, we will complete the proof

of this statement. ��

C Appendix: Proximal mapping

For a given proper and lower semicontinuous function ψ : L → [−∞,+∞], the proximal
mapping associated with ψ at y is defined by

Proxλψ(y) = argmin
x∈L λψ(x) + 1

2
‖x − y‖2F .

The specific expressions of the proximal mappings for various instances of the function ψ

are provided below.

– �q (0 < q < 1): the proximal mapping of ψ is given by [14]

Proxλψ(y) =

⎧
⎪⎨

⎪⎩

0, if |y| < ϕ2,

{0, sign(y)ϕ1} , if |y| = ϕ2,

sign(y)z∗, if |y| > ϕ2,

where ϕ1 = [2λ(1− q)]1/(2−q), ϕ2 = ϕ1 + λqϕ
q−1
1 , z∗ ∈ (ϕ1, |y|) is the solution of the

equation h(z) = λqzq−1 + z − |y| = 0 with z > 0.
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– �1: the proximal mapping of ψ is given by [26]

proxλψ(y) := sign(y)max{|y| − λ, 0}.
– MCP: for any 0 < λ < η, the proximal mapping of ψ is given by [39]

Proxλψ(y) =

⎧
⎪⎨

⎪⎩

0, if |y| � cλ,
sign(y)(|y|−cλ)

1−λ/η
, if cλ < |y| � cη,

y, if |y| > cη.

– SCAD: for any 0 < λ < b − 1, the proximal mapping of ψ is given by [5]

Proxλψ(y) =

⎧
⎪⎨

⎪⎩

sign(y)max{|y| − ξλ, 0}, if |y| � (1 + λ)ξ,
(b−1)y−sign(y)bλξ

b−1−λ
, if (1 + λ)ξ � |y| < bξ,

y, if |y| � bξ.

Below, we present two lemmas that provide the explicit forms of the proximal operators
used in this paper.

Lemma 3 LetZ ∈ R
n1×n2×n3 be a given tensor. The solutionX � to the optimization problem

Prox
λ‖·‖ψ

1
(Z) := min

X
λ‖X‖ψ

1 + 1

2
‖X − Z‖2F

is characterized by X �
i jk = Proxλψ(Zi jk) for i ∈ [n1], j ∈ [n2], and k ∈ [n3].

Lemma 4 [20] Let Z ∈ R
n1×n2×n3 be a given tensor with a t-SVD decomposition Z =

U ∗ F ∗ VT . The solution X � to the optimization problem

Prox
λ‖·‖ψ

�
(Z) := min

X
λ‖X‖ψ

� + 1

2
‖X − Z‖2F

is characterized by X � = U ∗D ∗ VT , where D is an f -diagonal tensor with entries D̄(k)
i,i =

Proxλψ

(
F̄ (k)
i,i

)
for i ∈ min{n1, n2} and k ∈ [n3].
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