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Abstract

In this paper, we propose a novel tensor factorization-based method for the third-order
tensor completion problem with spatio-temporal characterization. For this aim, we
consider tensor fibered rank, which extends tubal rank, to improve the flexibility and
accuracy of data characterization. Based on this rank, we apply a factorization-based
method to complete the third-order low-rank tensors with spatio-temporal character-
istics, which are intrinsic features of image, video and internet traffic tensor data. The
model not only makes good use of the low-rank structure of tensors, but also takes into
account the spatio-temporal characteristics of the data. Finally, we report numerical
results on completing image, video and internet traffic data. The results demonstrate
that our method outperforms some existing methods.
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1 Introduction

A tensor is a multidimensional array, and an Nth-order tensor is an element of the
tensor product space of N vector spaces, each with its own dimension [19]. Tensors,
as higher-order generalizations of vectors and matrices, have wide applications in
various fields [4, 8-10, 15, 21, 23, 27, 31, 36, 42]. Tensor decompositions, which are
various generalizations of matrix singular value decomposition, have attracted more
and more attention, including CANDECOMP/PARAFAC (CP) decomposition [7, 16],
Tucker decomposition [35] and tensor singular value decomposition (SVD) [11, 13,
17, 18, 28]. Corresponding to such tensor decompositions, tensor ranks are called the
CP rank, Tucker rank and tubal rank, respectively.

Third-order tensors are widely used in chemometrics [6, 30], psychometrics [20]
and image inpainting [5, 24, 26, 48]. Unless otherwise specified, tensors in this
paper are of third-order tensors. For a third-order (n1, n», n3)-dimensional tensor
C e R the CP decomposition is to decompose C as a sum of some outer
products of three vectors:

,
C= Zafl) o ag) o a§l>,
i=1
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where the symbol “o” denotes the outer product and aﬁ-') € R" is a vector (i €
{1,2,...,r}and j € {1, 2, 3}). The smallest r in CP decomposition is called CP rank
of C. From [12], it is NP-hard to determine the CP rank. Compared with CP rank,
Tucker rank is easy to compute, and hence most of low-rank tensor completion and
recovery models are based on Tucker rank. Precisely, Tucker rank is a vector of the
matrix ranks:

rankyc(C) = (rank(C(l)), rank(C(2)), rank(C(3))) ,

where C(j) € R"1>(1213) (C 5y € R™*("113) and C (3, € R™*"112)) js mode-1 (mode-
2 and mode-3, respectively) matricization of the tensor C. More recently, Kilmer et
al. [17] introduced tensor-tensor product (t-product) and tensor singular value decom-
position (t-SVD). Based on these definitions, tubal rank was introduced and studied
in [17, 18, 28]. More recently, tensor fibered rank was introduced by extending tubal
rank and studied in [46].

The low-rank tensor completion problem is to find a low-rank tensor from observed
incomplete data, which arises from various fields including internet traffic recovery [1,
2,33,47],image and video inpainting [14, 22, 23,42, 48]. Low-rank tensor completion
is modeled as

ménrank(C), s.t. Po(C) = Po(M), (D

where rank(-) is a tensor rank and 2 is an index set locating the observed data. Py, is
a linear operator that extracts the entries in £2 and fills the entries not in £2 with zeros,
and M is a given tensor.
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Different tensor ranks lead to different low-rank tensor completion models of (1)
with different methods. One of them is the well-known low-Tucker-rank tensor com-
pletion of the following form:

mén (rank(C(l)), rank(C(2)), rank(C(3))) , st. Po(C) = Po(M).
To keep things simple, the weighted Tucker rank minimization problems is formulated
as

3
mana, rank(C()), s.t. Po(C) = Po(M). )
i=1

Note that problem (2) is nonconvex since the matrix rank function is nonconvex. To
solve (2), the convex optimization problem is considered as

s.t. Po(C) = Po(M). 3)

3
minZai
Cc “

i=1

In general, SVD is needed in each iteration of numerical methods for (3), which leads
to high computational cost. To lower the computational cost, a matrix factorization
method was considered by Xu et al. [40], which preserves the low-rank structure of a
matrix. Specifically, (2) is reformulated as

min Za, s.t. Po(C) = Po(M). 4)

Xi,yi,C

X'y! —C(,)

This method has been widely used in various areas [25]. As pointed out in [17, 18,
28], unfolding a tensor directly will destroy the original multi-way structure of the
data, which leads to vital information loss and degraded performance. Note that the
sizes of C(jy, i =1, 2, 3 in (4) are the same as C in principle, which makes it difficult
to lower the computational efforts.

Based on tubal rank, the following model was considered in [48] based on tensor
factorization:

1
min - |X*Y —C||%, st Po(C—M)=0, 5
X,)J,CZ” Y —Cllx feX( ) (5)
where “x” denotes the tensor-tensor product (t-product). According to the analysis

in [17, 18, 28, 48], the t-product can be computed by some block diagonal matrices
of smaller sizes, which makes a significant reduction in computational cost. Later,
a corrected tensor nuclear norm minimization method was developed in [44] for
noisy observations. Furthermore, based on fibered rank, an efficient alternating direc-
tion method of multipliers (ADMMs)-based algorithm was proposed in hyperspectral
image (HSI) denoising [46].
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To make full use of the intrinsic spatio-temporal characteristics in image, video and
internet traffic tensor completion, we introduce the low-fibered-rank tensor completion
model that can better incorporate these characteristics than the tubal rank model. Then,
we apply a tensor factorization-based method to solve this model. As far as we know,
this paper is the first one to use priori information of spatio-temporal characteristics
for image and video data recovery. Our numerical examples show that our results have
higher peak signal-to-noise ratio (PSNR), structural similarity (SSIM) and feature
similarity (FSIM) [43] than some existing methods, demonstrating the superiority of
our model and method.

The paper is organized as follows. Section 2 presents preliminary knowledge on ten-
sor fibered rank. In Sect. 3, we introduce a low tensor fibered rank tensor completion
model for tensor data with some characteristics, and propose a tensor factorization-
based method with its convergence analysis. Section4 reports some numerical results
on color image, gray video and internet traffic data recovery, demonstrating the effi-
ciency of the proposed method. Section 5 briefly concludes our study.

2 Preliminary Knowledge

Before proceeding, we first present some notations here. For a positive integer
n, [m] := {1,2,...,n}. Scalars, vectors and matrices are denoted as lowercase
letters (a, b, c, ...), boldface lowercase letters (a, b, c,...) and uppercase letters
(A, B, C, ...), respectively. Third-order tensors are denoted as calligraphic letters
(A, B,C, ...), and the set of all the third-order real tensors is denoted as R *"2%13
For a third-order tensor A = (A;jx) € R i e [nq], j € [mp] and k € [n3],
we use the Matlab notations A(i, :, :), A(:, j, :) and A(:, :, k) to denote its ith hori-
zontal, jth lateral and kth frontal slice, respectively. Without confusion, we use A; i
and A(i, j, k) to denote the (i, j, k)th entries of A. Then, we denote

A(li) = A, 1, ), Aéj) = AG, j, ), Agk) = ACG, L k).

The inner product of two tensors A, B € R"1*"2%"3 jg the sum of products of their
entries, i.e.,

ny ny n3

(A, B) = Z Z ZAijkBijk~

i=1 j=1 k=1

The Frobenius norm is defined as || Al = +/(A, A). For a matrix A, A” and A~!
represent the conjugate transpose and the inverse of A, respectively. / represents the
identity matrix. For any u € [3], the u-mode matrix product of a tensor A = (A;jx) €
R Xm2X13 with a matrix M,, € R’*" is denoted by A x, M, with its entries

(A x1 M jie =200 Aije (M
(A x2 Mo)ijike = 272 Aijk(M2) j,
(A x3 M3)jji, = Yy Aijk (M3)gyk-
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Now we are ready to recall tensor fibered rank, which is a generalization of
tubal rank in [17]. Before proceeding, we review the Discrete Fourier Transfor-
mation (DFT), which plays a key role in t-product. For A € R™>"2X"3 and
u € [3], let A, € CM*m2>5 be the result of DFT of A € R™M*"2X13 galong
the uth mode. Specifically, let F,, = [f1,..., fu,] € C"*", where f; =

. . . 2h
[0 kD@m= DE=D] e € with w = ¢~ and b = /—1.
Then

A1Gyj k) = Fo AG, j, k), Ax(i, 5 k) = F, A, 5 k), A3, j,0) = Fu AG, J, 9,
which can be compute_d by Matlab command “A, = ff t({l, [ 1, u)”. Furthermore, A
can be computed by A, with the inverse DFT A = ifft(Ay, [ ], u).

For A € R"1>"2X"3 " we define matrices A| € CH172xmin3 - A, ¢ Crin2xnn3 gnd
A?’ € Crn3xnang oq

A‘Snu)
Here, bdiag,(-) is an operator which maps the tensor A, to the block diagonal matrix
Ay. The block circulant matrices bcirci(A) € R™M™2>XM pejrey (A) € RA2Xm203
and bcircz(A) € R"M73>m213 of A are defined as
AD A0 4O
AD A 4B
bcirc,(A) = . . ) . , Yu €[3].
A A=) (D)

Based on these notations, mode-k t-product, mode-k fibered rank and tensor fibered
rank were introduced in [46].

Definition 1 (Mode-k t-product) For A| € R"1*"2X71 and B; € R">*"1*"3_define
Ay %1 By := foldy(bcirci(Ay) -unfold(By)) € RM*"2X"3,

For A, € R"1*"2%"2 and B, € R™*"2%"3_ define
Ao %3 By := foldy(bcirca(Ap) - unfoldy(By)) € RMXM2X"3,

For A3 € R"1*"3%M3 and B3 € R™3*"2*"3 define

Az x3 By := folds(bcirc3(Az) -unfolds(Bs)) € RM*"12X"3,
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Here
unfold,(B,) = [B,El); Bﬁz); R Blgn”)],

and its inverse operator “ fold,” is defined by fold,(unfold,(B,)) = B,.

Definition 2 (Tensor fibered rank and mode-k fibered rank) For any tensor A €
R#*m2X13 and u € [3], let rf, = rank(/i,(f)) and [ € [ny]. Then tensor fibered rank of
A is defined as a vector

rank ¢ (A) = (r1(A), r2(A), r3(A)),

where r, (A) = max{r,l, r,f, ..., 1"} for u € [3] is called the mode-k fibered rank.
For mode-k t-product, we have the following result, which is due to [18, 48].

Lemma 1 Suppose that A, B are tensors such that F := A, B (u € [3]) is well
defined as in Definition 1. Let A, By, F, be defined as in (6) and r,,(-) be defined as
in Definition 2. Then

2

W A7 = - | Aull 7
(2) F = A%,B and F, = A, B, are equivalent;
(3) ru(F) < min{r,(A), r,(B)}.

From Lemma 1, we can assert that the generalized tensor factorization can be computed
by matrix factorization, which is computable.

3 Low-Rank Tensor Completion of Third-Order Tensors with
Spatio-temporal Characteristics

In practical applications, some characteristics of the data are included in the tensor
completion problem. For example, both the video data between the two adjacent frames
and the internet traffic data between two adjacent days have temporal stability features.
To characterize such properties, some constraint matrices are considered.

As in [32, 47], the temporal constraint matrix H captures the temporal stability
feature, i.e., the data is similar at two adjacent time slots in the tensor. Specifically, let
n3 be the time dimension and H = Toeplitz(0, 1, —1) be a Toeplitz matrix of size
(n3 — 1) x n3 with

1-1 0 ---0
01 —-1---0
H =
00 0 --— (n3—1)xn3
Then the time stability is expressed by minimizing ||C x3 H ||%p = 23:_11
‘ C;k) — C;HI) . That is, we get an approximation that has the similar temporally

F
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adjacent values. Similarly, let the spatial constraint matrices F' and G capture spatial
correlation feature [47]. We choose F and G according to the similarity between C ](i)
and ij ) (J #1i), Céi) and Céj ) (j # i), respectively. For each C(i), we perform linear
regression to find a set of weights w; (j) such that the linear combination of Cf/ Visa
best approximation of CY), ie., CY) = Z#i wi(j)ij). Then we set F'(i,i) = 1 and
F(i, j) = —w;(j). Matrix G can be obtained similarly. Let n; and n, be the spatial
dimensions. Then the spatial correlation features can be expressed by minimizing

2
ni
Icx1 Fliz =" e =Y wihet”|
i=1 j# F
ny 2
ICx2 GlIE =Y |y = > wi(Hey”
i=1 j#i P

Before we get such matrices F and G, it is necessary to estimate an initial tensor C
without missing data and outliers because these factors may destroy spatial features.
To this end, we first recover the missing entries and remove outliers by using the
temporal constraint (i.e., H). For the estimated tensor C, we analyze the similarities
and linear regression to find spatial constraints (i.e., F', G). Then the obtained F, G
are used together with matrix H in algorithm to recovery the data.

3.1 Tensor Factorization-Based Method

Consider the following low-rank tensor completion model based on tensor fibered
rank

mcin rank s (C), s.t. Po(C—M)=0.

Based on mode-k t-product, the low tensor fibered rank completion model can be
approximated by

3
. ay 2
min — || X, * —Cl%, st PolC—M)=0.
WWC; > 1 XY = CllE a( )

For the three suitable matrices F, G and H, we propose a low-rank tensor
completion model for tensor data with spatio-temporal characteristics using tensor
factorization:
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Bi B
i Z | XY = ClE + = 1(Xox2d2) X1 FIlE + = [(X34333) x2G i

+% (X151 1) x3H || %
st Po(C—M)=0. @)

Let B, = 0 if there are no additional characteristics on the uth dimension of data.
Now we present the following lemma, which is helpful to solve problem (7).

Lemma 2 Suppose that C € R">*"2X13 F ¢ RM>M G € R™*"2 gnd H € R"3>"3,
Let F e Ruixmaxni j— € RUXnixny g o Rnu2Xnaxn3 G e Ruxmxm H ¢
Rt xn3xns H € R™>12X13 be the tensors with their slices

FV=rF F?=...cF"™ =0, F{"=F, FP =...= F3(”3> =0,

GV —GH GO —..oG =0, GV =G, D =... = ngl) _o.

HO = gH, g® =g Zo, g = gt H(2> _ A — o,
Then

f*zC:CX]F, (Z*3Q=CX2G, C*]”:{ZCX3H,
Fx3C =Cx | F, Gx1C =Cx»2G, CxoyH =Cx3H.

Proof 1t is clear to see that

unfoldy (Fx3C) = bcircy (F) - unfoldy (C)

FY R P e Fo.--o7[c Fcy"
) ®) e e e

| R A c@ | joFof|l | | Fc
) pa-l) () (n2) )0 (n2) (12)
I R ;" 00 FJ|cm FCy™

Then

(F20)jji = (Fcéj))

1

. 1
= Z E,,(C;J)>pk = Zcpijip = (Cx1F)jjk-

p=1 p=1

Similarly,

(Fesc) = (red),

ni
= Z F,'p(cgk))p Zcp]szp = (CXIF)z]k
p=1 p=1

Now we can assert that F#,C = CxF and f"*gC =CxF.
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Furthermore,

unfolds (Cx3G) = bcirces (C) - unfolds (G)

A e Al S
| e e || 6
13 A=) (D) (n3)
L C‘3n3 C'3n3 e C3 1L G:’an3
eV e @G chgh
c? ¢V ...cy 0 cPct
13 A1) (D) ' 13) ~H
e Lo GG
Then
. np . n2
(Cx39)ijk = (C§ )GH>__ = Z (Cé )>' <GH) = Zci,,ijp = (Cx2G)jji-
i ip ri
Similarly,

(é*lc),;;k - (Gcf"))jk - i (G)jp(cf“)pk = f:cikajp = (Cx2G)jjx.

p=1 p=1

Then Cx3G = Cx»G and G*,C = Cx»G. Similarly, Cx;’H = Cx3H and CrH =
Cx3H. Hence the desired results are arrived. O

With Lemma 2, (7) can be rewritten as

3
min 2 S Xk Yy = CIE + 5 1P (B ) + B 1 (Xyxsds) 36115
usYu b y=1

+ 51 V) s HI
st. Po(C—M)=0.
(8)

To ascertain the factors without scaling, additional regularized terms are added in the
objective function, denoted by f(C, X1, A2, X3, V1, V2, V3). Consider the following
regularized version of problem (8)

min f(C7X17X27X37 y]ay27y3)5 S.t. PQ(C_M)=05 (9)

sAusHYu
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where

fC, X1, 2, X5, 1, 0, I3)

= 3 B 1 om Y~ O+ B 1T o)+ 22 s waG1

u=1

II(Xl*lyl) s H|%

+ 2 (BUIF 2 Bl} + @l Xl + 13213)

2
A
2
A
+ 5 (1905 + B2113 55 GIF + a1 31%)
A 2 2 2
+ 5 (196003 + BsIr 1 HIF + D)

Now we update C, &, ), alternatively. Note that

3 3
Zau | X *u Vu — C“%: = Zau (Xu#yVu — C, XyxyVu — C)

u=1 u=1
3

3
Z (c,c) _2205” (Xu*udu, C +Zau (XukuVus X *u Yu)

u=1 u=1 u=1

3 3
(,c <Z Ay Xy Vus > + Zau 1 X0 Ve ”%‘

u=1 u=1

2

3 3 3 3
= <Z oy Xyxy Yy — C, ZauXu*uyu - C> + Zau | XV ”%? - Zauxu*uyu
u=1 u=1 u=1 u=1 F
3 z 03
= Zauxu*uyu -C + Zau ”Xu*uyu”%«‘ - Xu*uyu (10)
u=1 Fou=l
Then C'*! can be updated by
2
C'*!'=  argmin Z““X *, V! —
Po(C—M)= O P
_ t ! t 13
= Zau?fu*u% + Pg (M - Zauxu*uyu) . (11)
u=1 u=1

Before we present how to update X, Lf +land Y *1, we rewrite (9) as a corresponding
matrix version. Denote r,, := r,(C), r = rank(C_’(l)) with C_'(l) (C"”I My < up
anduy, uy # u. Clearly,r < ry,foralll € [ny]. Foreachu and/, C ) can be factorized
as a product of two matrices X ,(4) and Yu(l) of smaller sizes, where X ,(,l) € Ch>r
and f’,,(l) € C'v*™u2 are the Ith block diagonal matrices of X, € Cramx (2 7) and
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¥, € Cizi)xmmn Lo %P = (XL, 01 e i 7P = 70 0] € C¥"2 and
X us Y be the block dlagonal matrices with the /th block diagonal matrices X 151)’ Y, u(l),
respectively. Then Xu Yy = XY, Together with Lemma 1, we have

1 - 1 - - _
I1F %2 (Xp %2 V)5 = —IIFz(Xz w2 V)% = p L (X212) II%

..... 2
_ Lk (X Y) = B DIR = — HF(n (;)Y(nH
||2 212) 17 ||zzz||F Z b
Similarly, we have
L [ o000 A0
@) gl = = 3 [ROTVE|
32
Lo 2050 702
2 o)) 0
B e AR
i
Based on these results, we can rewrite (9) as the following matrix version:

min
C.Xu ¥, 1= 21

chon A0l L BN 20 (0 |
X't = Gy ”F+%ZHF2 X' HF
j=1

B2 co b AB |2 L B o) 50|
S e Hm—mngl o
B 7 R4 O12 SYPIE

LS em|? | B PO RCE SRR
Mam 2 ZO] o HY [+ 50 2177
+ Z 3 F+2n32_: 373 F+2n3]; 3 r

1 i X(’) /3% Z PO 7O o i O
a a0+ 2 |
21’11 ] 2n1 P 1 F

To update X Y’Hl), we consider its regularized version and have X fi’”r]) as follows:

(i 2 Ao A2
RO+ argmm o Hx(z pan _ i+ ’ B B3 xR0 7. r)H(,) o X(z)”
X(I) 21’!] 2n1
. e NH o o NH NN e oNH -1
_ alcfl,l‘-l-l) (Yl(l,t)> [alyl(l,[) (Yl(l.t)> + B (Yl(l,[)Hl(l)) (Yl(l,f)Hl(l)> + AI:| )

(12)
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Similarly, I?l(i’lﬂ) can be updated by
(i o
Yl(z,t+1) — argmin o1 X(z t+1)Y(1) C(z Jt+1) H X(z t+1)Y(z t)H(t)
PO ni 2711
)\ A0 a2
,33 HY(:)H(:) ) : 1 Yl(z) ’
" (13)
56 +D\H o141 ! S G+ =61+
:oz1|:(X1’ ) & +M] (%) el
~1
N H
v+t (a1)']
Similarly, )A(éj’ﬂrl), I?z(j’tﬂ), )Afgk’tﬂ), ?3(k”+l) can be updated by

» R NI T i foiioNH B

Ry =a2[a21+ﬁ1(F2(])) Fz(])] cé.uwl)(yz(],t)) [YZ(N)(YQ(]’[)) +AI] , (14)
5 () G\ o (1) () 5 G\ 200 g G+ B
N L e

o H _, .
(R H) ey, (15)
N _ ~ H
X§k,t+1) _ 0{3C§k,t+l)<y3(k,t>>
Sk (kN 50 =K (500 A0\ B
[a3Y3’ (HE0)" 482 (1068 (106 +u] : (16)

and
o (k1) s+ &k i+1) - 5+ Ak i+1)
PN = g (RED)TREED par | (REHD) e

P )
|:a31+,32(_}§k)<(_}gk)) ]

Based on above analysis, the alternating minimization method can be outlined as
Algorithm 3.1, denoted by STTF for convenience.

Remark 1 In general, we do not know the true tensor fibered rank of optimal ten-
sor C in advance. Thus, it is necessary to estimate the tensor fibered rank of tensor
C. In this paper, we adopt the same rank estimation and rank decreasing strat-
egy proposed in [38, 40, 48]. Similar to [38, 40], we adopt the rank decreasing
method to estimate the true rank of a tensor. For the ease of the reader, we present
the strategy here. Suppose that the tensor fibered rank of C is (r{,r}, r}) with

r; = max {r,i t,rft, e } and r,l,’t := rank (C_‘,ﬁl’t)> foru € [3]and [ € [ny,]

A H ,
at the rth iteration. We compute the eigenvalues of (X f,’)) X ,(4]) and then sort all
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Algorithm 3.1 Tensor Factorization for Tensor Completion with Spatio-temporal Characterization (STTF)

Input: The tensor data M € C"1*"2X"3 F G H, the observed set £2, the initialized rank RO,
parameters A, €, ay, and By, u € [3].
Initialization: X0, 0, u € [3].
While not converge do
1. Fix X/, and ¥, compute C'*+! by (11).
2. Compute X1 by (12), (14) and (16) by fixing P! and C'H1,
3. Obtain ¥, by (13), (15) and (17) based on X;t! and ¢’ +1.

4. Adopt the rank decreasing scheme to adjust rank 7 (A) and the sizes of X ,tfl and ¥, ,£+1.
2
5. Check the stop criterion ”CtJrl -ct H F/||C’ ||2F <e.
6.1t <1+ 1.
end while
Output: '+,
t
these eigenvalues for each u, and we can obtain )»,i > )»5 > e > AZ" with
n, = Y0 ry'. Finally, we compute the quotients A2 = A2 /AZt! for z € [nf, —1].

ATE A~ A~
Compute } = (T} — 1) )LL{H/Z#T' A, with Ty = argmax; < < 1 Af- If 7 > 10
(there being a large drop in the magnitude of the eigenvalues), we should reduce

o o
rl. We find A such that it meets 3 ,", AL/ 37", AL, > 95%. Assume there are

~ H . t
mlu” eigenvalues of (XL(,I’I)) XL(,I’Z) which belong to [)\f}‘“, A } Then we set
H ATy A
rf,” = r,l,” — mf,’t. Suppose ULEI)Z,EI) (V;”) is the skinny SVD of Xf,l)YLSZ). We can

N N H
update X,(f) = Uzil)r’*’ Z’:l)r,v, and Y,fl) = (Vu(l:,y,) , where

B

- U(l)l . consists of the first r,ljt columns of Uu(l);
u,ry

- x® ., 1s a diagonal matrix whose diagonal entries are the largest r,ﬂ’t eigenvalues
u,ry

of ;
y® : Lt O]
- .. consists of the first r,;” rows of V.
u,ry

In this way, we can adjust the rank r/ for u € [3] and estimate the true rank of the
tensor data.

3.2 Convergence Analysis

In this subsection, we present the convergence of STTF. The following notation
will be used in our analysis. In problem (8), §2 is an index set which locates the
observed data. We use £2¢ to denote the complement of the set £2 with respect to
the set {(i, j, k) : i € [m],j € [m2], k € [n3]}. To simply the notation, we denote
2= (C' xf, X%, XL, Vi, VE, VL) in this subsection. Furthermore, we denote
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§'© =3 5 X

u=1
o 2 B 2 A
pi@) = 3 |y =+ S (R g + S5
o) 2 1 2
P = 2 |y — 1 4 B e (a2 I
A
+5 (BIIF %2 2l + a2l alF)
t o3 t t+1 2 B2 ¢ 2 A 2
Ph) = 2 |y - ¢+ B (ad) 67 + S 101
A1 || 2l 1? ., B +1 2
e e e P (G RO
A
+ 5 (Bs1 1 MG + 10117
o 2
B =5 |4+ Ry -
A1 +1 H2 A 2
+ 5 HJ”:*z (X2 *23’2) F+2||y2||p,
p2

‘ _@H 41 B t+1H2 _” i+1 ”2
qg3(3) = > AT 35 = C o T > (X3 *3%)*39 -

A
+ 5 (B2193 53 91 + sl s} ).

Before proceeding, we present the Kurdyka—Lojasiewicz (KL) property [3] with con-
straint defined as below.

Definition 3 (Kurdyka—Lojasiewicz (KL) property) Let Z be an opensetand f : Z —
R be a semi-algebraic function. For every critical point z* € Z of f, there are a
neighborhood of z*, denoted by Z' C Z, an exponent § € [0, 1) and a positive
constant y such that

_ *\ 16
1@ = 1@ < u|[T, V@] . (18)
where
HQ (Vf() = (Pa (Ve f(2));
Vo, f(2); Vo £ (@); Vo, £ (2); Vy, f(@); Yy, f(2); Vy, f(2)) -
Note that f(z), defined as in (9), is a quadratic function on z, and hence is a semi-
algebraic function. From Definition 3, for any critical point z*, there exist 6 and p

such that (18) is satisfied.

Theorem 1 Suppose that {7'} is an infinite sequence generated by STTF. Then we have
the following statements:
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(1) the sequence {7} is bounded and any accumulation point of {z'} is a stationary
point of problem (9);
(2) there is a constant n > 0 such that n||z' — 2 F > | T (VF @) E.

Proof Since rank » > 0 in STTF is non-increasing, we can assume that the rank r is
fixed for all z when ¢ is sufficiently large. That is, the rank decreasing scheme is not
adopted for all such big enough ¢. For simplicity, we assume that 7 is big enough such
that r is fixed and denote f* = f(z') in the following.

(1) By (11), it follows

e = = | 2 e,V + P (M- z%xmﬁ

u=1

3
Z
! 5
Z w X, Y — Ch + Pg <./\/l — Z auxg*uy;>

u=1

F

3
- (Z W Xixa Yl — Cf)

¢

F

According to STTF, we have that

3
==l - <c’“>+2 LX) = P (Xh) + 3 (ah Vi) — au (V)
u=1 u=1
2

3 3 2
1 ; ;
>3 DX w Vo —C = | D ] w, Y — !
u=1 F u=1 F
3 n
—~ ¢ 5 s+ |2 s |2
£33 g (e - H # i g
prrierie L r r (19)

1 3
= (Zau?(; sy Vi — c’)
¢

u=1

3
gg( — X+ Y - )

3
1 2( 2 2
= 3l =+ £ 30 (1 - + 13 - 20
u=1
> e

where ¢ = Amin{l, @1, a2, a3} and the first inequality holds from the property of
strongly convex functions. Therefore, { 7} is monotonically decreasing. Together with
the fact that f > O, the series Y ;o (f' — f™™) = f! —lim;_. f' converges.
Hence,

t+1H - oo

i (£ = 1) <0 i

=1
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Since f' > %Zi:l (”X,ﬁ ||% + 1V Hi) {X7} and {)!} are bounded. Together
with the expression of C’, it is asserted that {C'} is also bounded, and hence {z'} is
bounded.

Clearly, there exists a convergent subsequence of {z’}. Without loss of generality, we
assume that limy_, o 2% = z*. From }_;° | [|lz/ — 2/ |13 < oo, lim, o 2/ 1 —2" = 0,
and hence limg_, oo 2% 1! = z*.

Together with (11)—(17), we have that

NN _ ~ \H N A e~ A A ~ \H
o (%375 = C3) (%3) +reaks + 28 FILRXs + B IR R505 (V) =0,

A A _ ~ \H R N . _\H
o (8395 = C3) (7)) +285+ B2X5 (7363 (363) " =0,
A oA Z N No- L ANH A Ao
) (X101 = Cp) +aan¥p +aps VAL + 5 (X7) XiPr AL =0,
ANH /A A _ A _ ~N\H /_ A A
o (%3)" (R385 - C3) + 285 + 81 (BaXs) " (RX3) ¥5 =0,
H . A - R A Ll ANH A A~
o (£3) (X395 = C5) +rca¥s + 28293636l + 2 (%3) X3¥3GaGY =0,
Po (C*— M) =0,
3
Pge <Z o, Xy, Yy — C*) =0
u=1
Therefore, z* is a stationary point of problem (9).
(2) Since {z'} is bounded, there exists a compact convex set Z such that {7’} C Z.

Since f is a quadratic polynomial in z, the gradient V f is Lipschitz in Z with a
Lipschitz constant L ¢, that is,

IVf(@) = VfElr < Lllz=2Zllr, Vz.2 € Z.

Clearly,

e (Vef @) = e (Ver (e 2 05)
—[Ta (Ver (€, xf,.... )|
+ T (Ver (€, &, ... Y)) |
3
<Lyt -, 4 (ct S S y;)
u=1

=Ly ”ZtJrl -7 ”F + “CtJrl —C ||F
< (Ly+1) [ =2

Q°F
Furthermore,

|V, f (Zt+1)”F < Hvz’\ﬁ f (C’+1, X{H’ L y§+l) —Va f (C’+1, X}zﬂ, L y%)

+ ”Vle (cf“, X{“,...,yg)

.

’
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Lyl =2l + A X0 = XL p

<
= (Lr+2) & =2y

Similarly, for any u € [3], we have

e, = e

[y @] = (Ls+2)

t+1
+ _ZtH ,
F

t+1 t
7t —2

Now we can assert that || [T (V£ @) [IF < (TLf+61+ D)2 — 2/ || and the
result (2) is arrived with n := 7L y + 6A + 1. O

Theorem 2 Suppose that 7* is an accumulation point of {7'} generated by STTFE.
Assume that the starting point z° satisfies 2° € B (z*,0) == {z : ||z — g <o} <

Z', 0 and p are defined as in Definition 3. Suppose that p = M with n and A
being from Theorem 1 (2) and
1-6
F()=r@) +]2=2)
p(l —9) ‘ (") F

Then

(1) 28 € B(z*,0), fort =0,1,2,...;
@ Y2 [~z (&) - £

() lim; 002" = 2%

Proof We show (1) by induction. Clearly, (1) is true for # = 0 by assumption. Assume
that (1) holds for all < 7, then KL property holds for such z'. Now we show that (1)
is true for t =1 + 1.

Let6 € (0,1) and ¢ (s) := (1%9) (s — F@N'? s > f(z*). Then, ¢ (s) is con-

cave with its derivative ¢’'(s) = for s > f (z*). Since ¢ (s) is concave, we

o n
ls—f )P
have

o) =0 (7 () 20 (@D &)= 7 ()]
-+ n_ 41
@ - @l [ @)= ()]

Combining with (18) (19) and Theorem 1 (2), we have

6 (f () = (f () = :

T v Feainl N—f (! t+1 _ ot
= T v, &) =76 IEVI Eae
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Hence,
> =, <4 S (67 ()~ (r ()
= AT 1 20)
=5l (F () —o(f ()]
<fo(r ()
This implies that
2+ =2 lezm—ZzHFHIZ ~z HF— ¢(f( )+ =2y <o

p=0

Then we have z't! € B (z*, o), and hence (1) is asserted.

(2) Taking t — oo in (20), (2) is arrived.

(3) From (2), for any € > 0, there exists K; > 0 such that for any r > K such
that [|z' — 2 [|p < Y00 12 — 2/ p < 5. From limy_, o0 2/ = z*, there exists
K> > 0 such that for all k > Ko, 2% —2*||F < % Hence, for any t > max{K, K>},

2" —2*lF < 112 —%llF + llz2% — 2" lF <,

which indicates that z/ — z*. O

Theorem 3 Suppose that {z’ } is an infinite sequence generated by STTF with an
accumulating point 7* and 0, u are as in Definition 3. Then

(a) If6 € (0, %] , then there exist y > 0 and ¢ € (0, 1) such that Hz’ -z HF <yc;
(b) If60 € (5, 1),

Proof Assume that z° € B (z*, o). Denote that A, := Z;o:t 2P — 27T ”F Then

_ =0
* F <yt 2-1,

I =2, < 4. 1)

From Theorem 2 (2), we have

1-0

"

A= p(lﬂ— 0) ()= - ﬁ Uf(zo) — /(@)

Combining with the KL inequality, there holds

<p(1—(u T, r@] )Te

From Theorem 1 (2), the above inequality implies that
1-0

A< ﬁ (wn|e =] )7 =erca - a7 (22)
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where ¢; = ﬁ(un)% is a positive constant.
(a) If 6 € (0, %], then % > 1. For sufficiently large ¢, it holds A; <

c1 (A — Asqq) . Hence Ay < %A,. Together with (21), result (a) is arrived
c1—1
cr -

(b) For case of 8 € (%, 1), let h(s) = s~T27 . The function h(s) is monotonically
decreasing on s. By (22), we have

with ¢ =

_0_
-0

¢ 7T S h(A) (A = Aen) = [3) h(Ads < [} h(s)ds
0

- 201 201
I -6 -0
- 20-1 (At Al+] ) :

Since 6 € (%, 1), v:= —% <Oand A}, | — A} > —vcl_HJ > 0. Thus, there is

a f such that for all ¢ > 27,

0 b . v b
1-0 1-60 1-0
Al = A —ve T —1) = —vey T —1) = —5c; T,

[\

1
| ) - _ 0 \©V
then we have A; < ytv for a certain positive constant y = (—%cl ) . Then

result (b) is obtained. m]

4 Numerical Experiments

In this section, we report some numerical results of our proposed STTF to show its
validity. We employ the peak signal-to-noise ratio (PSNR), the structural similarity
(SSIM) [37], and the feature similarity (FSIM) [43] to measure the quality of the
recovered results. We conduct extensive experiments to evaluate our method, and then
compare the results with those by some other existing methods, including WSTNN
[46], CTNN [44], TNN [45], TCTF [48], TMac [40], NTD [39] and NCPC [41]. All
the methods are implemented on the platform of Windows 10 and Matlab (R2020b)
with an Intel(R) Core(TM) i5-12500H CPU at 2.50GHz and 16 GB RAM.

Parameter selection In all tests, the maximum number of iterations is set to be 300
and the termination precision ¢ is set to be 107> In STTF, the parameter A is set
as 107* and F, G, H are all set to Toeplitz matrices. Table 1 shows the parameter
settings for the proposed STTF method on different data.

4.1 Color Image Inpainting

In this subsection, we apply our STTF method to the task of color image inpainting. As
color images can be expressed as third-order tensors, we model the image inpainting
problem as a tensor completion problem, assuming that the tensor data is of low-
rank or numerical low-rank. For image inpainting evaluation, we use the Berkeley
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Table 1 Parameter settings of STTF on different data

Test (a1, a2, 03) (B1, B2, B3)
Image SR = 10% (1,2,3)/6 (0.5,0.1,0)
SR = 15% (0.3,0.08,0)
SR = 20% (0.1,0.05,0)
Video SR = 10% (1,1,1)/3 (0.001,0.01,100)
Internet traffic SR = 10% (1,1,1)/3 (0,20,0)
SR =20% 0.2,0)
SR =30% (0,0.8,0)
SR = 40% (0,0.6,0)
SR = 50% (0,0.4,0)
SR > 60% (0,0.05,0)

Table 2 The average PSNR, SSIM, and FSIM values for all 50 images tested by eight methods

SR 10% 15% 20%
Method PSNR SSIM  FSIM PSNR SSIM  FSIM  PSNR SSIM FSIM

STTF 27.868 0.851 0.887 30.606 0.909 0.926 31.996 0.919 0.936
WSTNN  25.803 0.829 0.861 28.034 0.875 0.895 29.470 0.904 0.915
CTNN 25.603 0.667 0.791 28.010 0.773 0.854 29.943 0.838 0.895

TNN 25.538 0.662 0.788 27.984 0.767 0.850 29.759 0.831 0.889
TCTF 11.549 0.095 0.316 18.305 0.372 0.573 26.062 0.691 0.802
TMac 10.972 0.102 0.331 14.397 0.338 0.536 21.995 0.520 0.691
NTD 24.662 0.555 0.724 26.602 0.674 0.791 27.939 0.749 0.834

NCPC 23.170 0.449 0.662 26.459 0.642 0.779 28.347 0.745 0.836

Bold values indicate the best results

Segmentation database [29] as our test dataset. Our test set consists of 50 images,
each of size 481 x 321 x 3. We set the initial tensor fibered rank (rfl)0 =3, u €
21, 1) =50, () = - -+ = (13>)® = 5 in STTF, the initial tubal rank (50, 5, 5)
in TCTE, the initial Tucker rank (30, 30, 3) in TMac and NTD and the initial CP rank
50 in NCPC.

Table 2 shows the mean values of three metrics (PSNR, SSIM, and FSIM) for all
50 images with different sampling rates (10%, 15%, and 20%). Our STTF method
achieves the best image recovery results under all three sampling rates. The higher
the sampling rate, the more obvious the advantage of STTF. And when the sampling
rate is 10%, STTF outperforms the second best method by 8.00%, 2.65%, and 3.02%
in terms of PSNR, SSIM, and FSIM, respectively. A visual comparison of the image
inpainting results for “Church” with a 20% sampling rate is shown in Fig. 1. It can be
seen that STTF is obviously superior to the comparison methods in the recovery of
rich shape structure and texture information.
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Original Observed

- .

TNN TCTF TMac

Fig.1 The completion results of “Church” with SR = 20%

4.2 Video Inpainting

We evaluate our proposed method STTF on the widely used YUV Video Sequences'
and we pick the first 8 frames. In the experiments, we test our proposed method and
other methods on three videos with 144 x 176 pixels. We test the videos with random
missing data of sampling ratio SR = 10%. We set the initial tensor fibered rank
0 =3,ue2], *H? =50, = = (+§*)° = 10 in STTF, the initial tubal
rank (10, 1, ..., 1) in TCTF, the initial Tucker rank (50, 50, 3) in NTD and (10, 10, 3)
in TMac, and the initial CP rank 50 in NCPC.

Figure 2 shows the 8th frame of video “Mother”. Table 3 presents the numerical
results, which show that STTF performs better than other methods. It can be seen that
the recovered frame by STTF preserves more details while the competing methods
generate undesired artifacts. These results are consistent with those of color image
inpainting, further demonstrating the superior performance of our method.

4.3 Internet Traffic Inpainting

Time slots

We model the traffic data as a third-order tensor M €
RP*TxO Here O corresponds to the number of OD
pairs with O = N x N (N is the number of nodes in the
network), and there are D days to consider with each
day having T time slots.

We use Abilene trace data [34] as an example to illustrate this model. The traffic
data consists of measurements between 144 OD pairs every 5 min for 168 days, which
corresponds to 288 time slots per day. We use the complete traffic data of one week.

Days D=T7

1 http://trace.eas.asu.edu/yuv/.
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Original Observed

Fig.2 The completion results at the 8th frame of video “Mother” with SR = 10%

Table 3 The PSNR, SSIM and FSIM values output by eight methods for videos

Video Container Mother Bridge
Method PSNR SSIM  FSIM  PSNR SSIM  FSIM  PSNR SSIM  FSIM

STTF 27.542 0.890  0.921 33.261 0919  0.951 28.516  0.851 0.931
WSTNN  25.503 0.869 0.882 30.172  0.891 0.915 26964  0.834 0.898
CTNN 24.872 0.795 0.875 30.155 0.828 0.917 26772 0.773 0.894

TNN 24.724 0.799 0.873 30.095 0.824 0.910 26.656 0.767 0.890
TCTF 20.307 0.617 0.784 24.779 0.598 0.807 22.532 0.525 0.769
TMac 23.417 0.725 0.837 28.153 0.738 0.856 25.478 0.684 0.848
NTD 22.797 0.661 0.806 27.292 0.672 0.845 24.834 0.610 0.812

NCPC 21.809 0.588 0.773 25.453 0.549 0.796 23.040 0.519 0.783

Bold values indicate the best results

Therefore, the trace data can be modeled as a third-order tensor M ¢ R7*288x144
We measure the quality of the recovered data by the normalized mean absolute error
(NMAE) in the missing values. The NMAE is defined as follows:

Z(i,j,k)q_f.Q ‘Ml’jk - C;jk‘

NMAE =
Y. soge [Mijkl

Figure 3 shows the recovered results in Abilene dataset by eight algorithms. The
X -axis represents the sampling rate of data, and the Y-axis represents NMAE. As the
sampling rate increases, the NMAE value gradually decreases except for TMac and
TCTF. As shown in Fig. 3, the proposed method STTF significantly outperforms the
other methods under various missing rates. This phenomenon implies that the spatio-
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[—O— STTF —#—WSTNN —&—CTNN —§—TNN TCTF ——TMac NTD =—&—NCPC

0 I I I I I I I
0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

Sampling ratio

Fig.3 Comparison on the NMAE by eight methods of different sampling ratios

temporal structure in the internet traffic tensor is valuable and has been exploited to
improve the recovery accuracy. Among the eight methods, STTF has the best recovery
effect. Note that STTF can still recover missing data with a very low error even if the
sampling rate is very low.

5 Conclusion

In this paper, we have presented a novel tensor completion model that incorporates
some characteristics of the color image data, the video data and the internet traffic
data. By using some constraint matrices to represent these characteristics, our model
leveraged the tensor fibered rank to reduce the complexity and improved the accuracy
of tensor completion. We have proposed a tensor factorization-based method to solve
the optimization problem. Our experimental results on various real-world datasets
demonstrated that our method outperformed existing methods in the literature signif-
icantly.

Acknowledgements Xinzhen Zhang was partially supported by NSFC (11871369). Zheng-Hai Huang was
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Data Availability Codes supporting the numerical results are freely available in the GitHub repository,
https://github.com/quanyumath/STTF.
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